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Fluctuations from LQCD

In collaboration with: S. Borsanyi, Y. Delgado, S. Durr, Z. Fodor,
S.D. Katz, T. Lippert, D. Nogradi, C. Ratti, C. Schroeder, K.K. Szabo

(Wuppertal-Budapest collaboration)

28.11.2012 | Stefan Krieg
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Outline

1. Why do we believe our results are reliable?
a. Emerging consensus between the collaborations
b. Discussion of uncertainties in simulations
c. Crosschecks with other actions
2. Results on fluctuations
a. Lattice setup and technigues
b. Error analysis
c. Quadratic fluctuations, correllations
d. Kkurtosis
3. Conclusions and outlook
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Transition temperature

= 1%,

1. scale
_ Budapest- HotQCD | MILC B %m ‘ 1
H
Wuppertal os | ?ﬁy ]

169(15) asqtadi N8 o b, 3

0.4 | N=12 »
HISQltree: N.=6 = te
N,=8-16 147(4)-155(4) Negm W eg

0.2 Nf=1E | .*'ﬂ.aq
.
M. =8 m=0.037m_ - i*
i

N,=8-12 154(8) ol sewteente o 44 4%

120 140 160 180 200

hotQCD:1111.1710

=

n

hotQCD: Interpolation to physical

g MILC hep-lat/0608013 point using O(2) or O(4) scaling
: WB arXiv:1005.3508
HotQCD arXiv:1111.1710
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Equation of State

6 Budapest-Wuppertal ' |
2stout % %
5 cont ]
N—6 —o— %
v& 4 - %ED@E% i
= L @ ST
@ 0 Mg N
&
2 1 hotQCD results: $ i
hisq N=6 ~5-
1 ¢ ] hisq N=8 i
| L ¥ hisq N=10 —e-
0 0 % HRG mode] = = hisq N=12 -e-
100 150 200 250 300 350

T [MeV]
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Equation of State

A cont 16 12 10 8 6
-3 /T T T T T T ; T
(e-3p) ‘ Budapest-Wuppertal unimproved —o—
6 L Budapest-Wuppertal improved —=—
| HotQCD [HISQ/tree] —H—
I - @/
55 || P T
= S rl_____ [%— ——:;@“/‘/ ________ - 7
‘ b --
~ 20% 45 r -7 |
s
4 Fa -~ 1 _ _ T=215 MeV .
v _/# %__é__‘_‘&‘__‘ﬁ
‘ T T - - Al
3.5 B | ] | ] 1

|
0 0005 001 0.015 0.02 0.025 0.03

2
1N, . .
Improvement continuum irrelevant
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Uncertainties: distorted pion sector

600 _ | | | Staggered
RMS M_ [MeV] ferm’s

|
500 | | * 4 tastes
HISQ/tree e B A e 1+15 “pions”
asqtad = .
400 | 2stout v u v 4 A
4stout 4 ¥ £ Taste breaking:
300 | | o ® ) * extra “pions”
v
- .___.l heavy
o K * RMS large
200 . % 1
e —— 2
. o Recovery only in
- 100 : _
continuum limit!
a [fm]
£ 0 ' | ' ' Smearing req’d.
L 0 0.05 0.1 0.15 0.2

22. August 2012 MIT Lattice Club — Stefan Krieg 6
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Uncertainties: Scale setting: LCP

2 . , , | |
° scale fromwgy -~ m
0.18 interplation based on f ]
0.16 | ]
1
— 0.14 T=——" |
&
& 012 | ]
S
0.1 - ]
0.08 r ]
2 0.06 r . ]
coarse fine
§ 004 ' ' L L I
36 37 38 39 4 41 42
:
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Uncertainties: scale setting
| %A o © ry scale %?%% f, scale
PEdxe o
é [ | X. g iﬁx
L A R %. @ T »
O o o
A * e % asqtad: N.=8 0 4, &
asqtad: N.=8 o mo e © i N.=12
| N=12 ¢ * xe g HISQ/tree: N=6 « ¢
HISQ/tree: N_=6 alm g g o N.=8 {l&
= o 1
Nj 80 A : .% , © N,=12 m é{%
N=12m s, w7 o N =8, m=0.037m o« % |
stout, cont. 4 <o ‘;A f ! I SA $ $ %A%
’ . A
‘ | T[MeV] A | sto‘ut cor\t. | T[MeV] e
120 140 160 180 200 120 140 160 180 200
hotQCD: 1111.1710
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Uncertainties: finite volume effects

| B | I LI I LI I LI I L=
o - T 3| T
4 F mos Gx 183 7 — =
X = 6x36° 1 & f
N . T
il 3 — . - i
™~ - . bt i
E n _ ) " .
~ 2 L 4 o - |
: : l.Dj _
1 | —: @j B Dg
k - |
Il- 1 I L1 1 I L1 1 I L1 1 I L_1 1 PI | | | | | | | |
200 400 600 800 100 150 200 250 300 350 400 450 500 550
T[MeV] T [MeV]
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Uncertainties: dynamical charm

5 T T T T T T
2+1 flavor continuum ——
2+1+1 flavor N=8 —o—
4l 2+1+1 flavor N=10 —s—
v 3
>
?
L 2t
1 L
0

100 150 200 250 300 350 400
T [MeV]
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Uncertainties: dynamical charm

Note: dynamical charm strange; dynamical charm —#—
strange; no charm — @ —

likely not relevant for charm; dynamical charm + - -

fluctuations charm; partial quenching ---©---
7))
o ' ' ' s
= o0 ®0 ©® oo"
fe) o i
S
q, _
&
® o
g @@E |
= e |
c =) ol
_‘E -
S

] ] ] ] ] ] ]

3 0.2

100 150 200 250 300 350 400 450 500
T [MeV]
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Taste breaking: fine lattices and smearing
required

Proper scale setting procedure can help
Finite volume effects need to be checked
Rooting: perform crosschecks with different

e For T>300 MeV a dynamical charm becomes relevant

Mitglied der Helmholtz -Gemeinschaft
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Crosschecks: overlap
T [MeV]
120 140 160 180 200 220 240 260

0_01 T T T T T \6 123 T
_ X ——
0/ N=2  gx16° —m— -
-0.01 - staggered mmmm
T -0.02 ¢ No chiral extrapolation -
£ I — W, units |
£ ggi » — M_ w, = fixed
W T M_~ 350 MeV
£ -0.05 .
006 | uses” &810 *
I e ]
: -0.07 - °
iD: _008 \ \ \ \ \ \ \ \
£ 01 012 014 016 018 0.2 0.22 0.24
S WB: 1204.4089 Tw0
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Crosschecks: overlap

T [MeV]
120 140 160 180 200 220 240 260

] T 6\><123 T i T T T T T |
11w ge16® N2
s staggered
0.8 + .
N »
o
L 06 .
—Q\
= 04/ |
M._=350 MeV
0.2 - tstagg= 6,8,10
0 \ \ \ \ \ \ \ \
0.1 012 014 016 018 0.2 0.22 0.24
WB: 1204.4089 Tw,
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Crosschecks: overlap

0.3
0.28
0.26
0.24
0.22

0.2
0.18
0.16
0.14
0.12

0.1

a[fm]

WB: 1204.4089

22. August 2012

Q:O Il
Q:ZO = e

Fixed topology simulations: |
—>finite volume effect: O(V)

(anyhow present at finite T) |
-2 use multiple streams -

W, scale setting

3.6 3.7 3.8 3.9 4 4.1
p
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Crosschecks: Domain Wall Fermions
L '\ DWFDSDR
20 N = 2+1 O AsqtadN=8 -
¥ M, =200 MeV  m Asqtad N=12
% * HISQNt=6
15 4 } @ e) HISQNt=8 _
| ; s § 5 % e HISQN=I12 |
kL V? ob *:*%i N; = 2+1
s ~ 10| R M_=179 MeV
|2x Vog © z =7 oy i i
N !! _
* : m
o N, = 2+1 g:% . ]
I M_=161 e m .
MeV @ i’i
| | ) | | | ) | ) | | | ) @ F*; )
?30 140 150 160 170 180 190 200 210 220
hotQCD: 1205.3535 T (MeV)

22. August 2012
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Crosschecks: Wilson Cll\c,)lvver (stout)
e

125 150 175 200 225 250 275

0.005 | | | | . | |
staggered continuum XXX
0 = . Wilson continuum &cxomn
<. -0.005 - a,=0.139(1) — 0.057(1) fm -
E -0.01 |- N
= -0.015 - -
g ) T:L
+Err 0.02 1 545 mev 2% Ned :
-0.025 - m_/m,, = 0.32 (3%) B
-0.03 [ Mx/Mg = 0.36 (3%)

-0.035 ‘ ‘ ‘
0.08 0.1 0.12 0.14 0.16

T/mg
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Crosschecks: Wilson Clover (stout)
MeV

125 150 175 200 225 250 275

\ \ \ \ \
1 staggered continuum KXXX |

Wilson continuum x&xaomx

0.8
M_/Mg = 0.32 (3%)

06 | Mxg/Mg = 0.36 (3%)

. a
S
=
04 =
M_=545 MeV
0.2 - a,=0.139(1) — 0.057(1) fm
0 | | Nt'Staggz P | N
0.08 0.1 0.12 0.14 0.16
WB: 1205.0440 '|'/mQ
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Crosschecks: summary

Crosschecks with different lattice actions are available

Comparison to Wilson (Clover) simulations available at
M_~ 545MeV, smaller masses in production

Comparison to Overlap simulations available at
M_~ 350MeV

Some systematics effects will be analyzed more closely
In the future

How far down in M_ can you go? (locate 15! order phase-
transition?)

Comparison with Domain Wall not yet at similar M _
(spectrum distortions aside)

22. August 2012 MIT Lattice Club — Stefan Krieg 19
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Fluctuations: introduction

- - _ pO18Z e OPlogZ
* Net yields are given by (Nx)=-T Byix (Nx) — (Nx) (Bpx /T)2
o x 1 8%log Z x 1 d*log Z
* Defining: X2 = s (Bx /T)? X4 = s (Bux /T)*
* Computable at finite u through:
p 1 R La\™ 1 1 0"InZ(T,p,)
i = yra 2 Ton Q)_Z;,C”(T’mq) (7)  =@m =gy Apa/T)"  pymo

* X, requires (finite pg):  .xp _ 1 O*log Z
X227 VT3 (8ux /T)2(9ps/T)?

* Lattice: large volume and equilibrium.

Challenges:
* Derivatives come with volume penalty in the statistics

* Electric charge is pion-dominated — fine lattices and taste-improvement.
 Baryon number noisy — large statistics.

Mitglied der Helmholtz -Gemeinschaft
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Fluctuations: Introduction

Fluctuations of conserved charges
signal the transition between QGP and hadronic “phase”

- from HRG may be incorrect at T;
- can be compared directly to experiment (ug allowing)

P(Ny) = e~ Nx/Q@ViTix3)

(ratio B/Q) can be used to relate fluctuations in proton
number (experiment) to fluctuations in baryon number

- Can be used to extract the freeze-out parameters

22. August 2012 MIT Lattice Club — Stefan Krieg 21
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Fluctuations: Introduction

- Freeze-out parameters directly from QCD:
- Ratios of baryon number cumulants (Karsch 1202.4173)

o X2,u X‘iu 2 Xf,u
M — SBO'B:T, KJBO’B:T
B Xl,u X2, X2,
2 B 1+ 3 X“ b (us/T)” +
0p X2, T

MB_XEM KB 1‘|‘1X4(B/T) +

1 X6 2
IiBO'%EX‘lBau :Xf(T) 1+3 B(T)( 5/T)" +
Xég:” xXg(T) |14 14 (T)( 5/T)2 +

2x5(1) W

- Alternative for T use charge fluctuations instead
22. August 2012 MIT Lattice Club — Stefan Krieg 22
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Fluctuations: Introduction

- Freeze-out parameters directly from QCD:
- “Generalized” Ratios of cumulants (Bazavov et al., 1208.1220)

MSEO, MQZ’I"MB

fio=q i +q3 %, fis =81 ip+s3 iy, fdx =px/T

S
r(xg x5 — xTOx’) — (Xll 3 — x P ) WBS @S
Q QS _ QS g g 5
(Xz X2 X11 X11 ) (X11 X2 X11 X?l ) X2 X5
M ~
R = — = (R£1+RX3 02+ Ol ))
OXx
BX XQ xS
X11 X11 X11
Ryt =+ q + 351
12 Xg{ Xg{ X%,

22. August 2012 MIT Lattice Club — Stefan Krieg 23
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Fluctuations: Introduction

Correlations

- show a strong temperature dependence and characteristic
behavior around T,

- vanish in an ideal non-interacting QGP

- HTL corrections predict a non-zero value even at large T
- can signal bound-state survival above T,

- check the applicability of the HRG for low temperatures

22. August 2012 MIT Lattice Club — Stefan Krieg 24
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Fluctuations: quark mass basis

1 2 . L ., )
[y = =pB+ =0 LQCD action is glv-en in quar.k mass basis
3 3 * express the chemical potentials
1 1 in terms of flavor chemical potentials
gy = g#B B gﬂ@ i v ical p i
1 1 d 1 1 1
— Cp— —up — = 8y + =04+ =0
Hs SMB 3MQ HsS dup 3% 3 d 38
d 2 1 1
 The interesting fluctuations % — gau — gad — 535
require derivatives w.r.t. J | |
5 ‘rotated’ basis — = —0,— =0y
use above map to ‘rotate’ dpir 2 2
derivatives appropriately d - 9
- — Us

dps

Mitglied der Helmholtz -Gemeinsc
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T 0 logZ
V (Opu)' (Ops)?

Fluctuations: derivatives AUS =
ty]

1
81- logZ = E /DU a,ie_seff — <Az> (ZO at U = 0)

é)j <X> = — <X> (8] log Z) + <Xaj6_seff> -+ <8JX>
= (X4y) = (X) (4)) +(9;X)

0;0jlog Z = (A;Aj) — (Ai) (Aj) + di; (Bi)
dlogZ = (A1) -3(A2) +3((B?)—(B)*)
+6 ((A7B;) — (A7) (Bi)) + 4 (A;C;) + (D;)

22. August 2012 MIT Lattice Club — Stefan Krieg 26
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Fluctuations: lattice techniques

- Use SET to estimate traces (Gottlleb et al. PRL 59 (1987)
2247) 1
A)~ — T A
tr(A) ~ - ]; " Auy,

- Disconnected diagrams — use different sets of random
vectors (c, — 4x inversions)

diagrams (e.g. (A?) and (A? - B)) allow reuse of inversions
— Increase statistics

- We use up to 1000 sources to estimate the trace or O(10Kk)
Inversions

22. August 2012 MIT Lattice Club — Stefan Krieg 27
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Fluctuations: error estimation

Aim: reliable systematic and statistical errors
We work at M_ = phys — no chiral extrapolation
- Continuum extrapolation:
- Use 2 sets of nodepoints for spline interpolation at fixed N,
Extrapolate y and 1/
Use 4 different extrapolation formulae
— difference gives estimate of systematic uncertainty

- Use jacknife estimate of deviation form mean to estimate
statistical uncertainty

Systematic uncertainty is dominant

22. August 2012 MIT Lattice Club — Stefan Krieg 28
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Fluctuations: continuum extrapolation

1.2 ‘ ‘ ‘
T=130 MeV
T=180 MeV — @ —

0.8

0.6 + WB: 1112.4416 -

0.4

0.2

o \HNIZ\ .
0 0.005 0.01 0.015 0.02 0.025 0.03
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Fluctuations: continuum extrapolation

ﬂ_‘!ﬂ - T T T -.
024 | . TEASOMeV
K _f

1.2 ‘ ‘ ‘ ‘ — 02~

sk S 016

= e ) - 5
1w |
o1z b

0.8 | T ] 04
il 0.36
06 | 1 032
- 028
04 | R 024

02
0.09

7 0.08
0 0005 001 0015 002 0025 o003 00OF

WB: 1112.4416 0.06
0.05

u
1+

02 |

0

hotQCD: 1203.0784 O 0.01 0.02 0.03

{aTy’
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Fluctuations: continuum extrapolation

= . ' .
0.4 T=170 MeV
[ |
036 | ;
' | T=130 MeV — D 037 12T "
T=180 MeV — @— g ] .
1 7 /7/: ﬂzﬂ i M 2 o N o N o o o o N N 1
|
0.8 | 0.46 . |
||
0.6 | | D42 F Izu'rrz = ]
-] o038t ]
04 - |
034 f ]
0.2 0.7
0 | | | | \;ﬁNE\,
i 0 0005 001 0015 002 0025 o003 O-19
WB: 1112.4416 0.13
D11
0 0.01 0.02 0.03
hotQCD: 1203.0784 {am?
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Fluctuations: ¢, diagonal elements: y,°

WB: 1112.4416 hotQCD: 1203.0784
0.8 or———— ,
0.7 SB limit 06 & SB
o S C AL
06 [ o 05 F as ]
0.5 | 1 § ]
04 Ff ]
0.4 1 continuum extrap. =
D 3 Nl=1[] ] | DS - NT:12 '_.1_
- N=12 & - 8 v ]
0.2 N=16 O | 02¢ 6 ]
. cont. I
i 1 01 ¢ ]
0.1 HAG : v
0 . . . . . ok | . | | T[MeV]
150 200 250 300 350 400 12 140 160 180 200 220 240

T [MeV]

Agreement with HRG visible at small T
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Fluctuations: ¢, diagonal elements: "

WB: 1112.4416 hotQCD: 1203.0784
0.35 - . 7 035 ———— —
S limit === BT ~ SB |
—onm, — @) i -
D..'E i o) _r-_- o ._- --_- - — i I:'_-_ - G.S :_ HHG .-__
- i s 1 5]
0.25 | 0.25 | L i ]
| fi scale i ]
0.2 | 0.2 | L .
0.15 | E":E - 015 _ continuum extrap. _-
i N.=12 re ]
D.1 Nr-1E ] 01 T ]
= [ 8 -
W eant. [ 6 4]
0.05 L& HAG 005 _
¥ T et Tmew
160 200 250 300 250 400 120 140 160 180 200 220 240
T [MeV]

Agreement with HRG visible at small T
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Fluctuations: crosscheck for c,
1 2 T T T
Yol T strange |
e siaia T
0.8 § | -1_1__[_—?—1 )
ﬂﬁ_ charge -~
l iglﬂj—:ﬁififﬁfr%+1+I+E+I+F|—H—H1H+ e
i
04 B _E—I' % 7]
I ! il baryon L
T e AR S Sanss s
1T e
0z 11* ot HotQCD [1203.0784]
[+ * Wuppertal-Budapest [1112.4416 +—
0 +++ | . TI[MEV]
100 150 200 250 300 350 400
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Fluctuations: lattice vs. analytical results

0.30 | Crr
0.5% Agps
0.25
j D.20
=
- HotQCD
0.15
[ = Wup-Bud
= [1TLpt (1 loop)
0.10
] l = Dim. Red. (4 loops)
156 200 250 30 30 400 450  s00

[Andersen, Mogliacci, Su, Vuorinen 2012]
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Fluctuations: comparison with HRG

1 . . . . . :

PN & e e
0.8 g opg R -
’ ‘Dé.:lk
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Fluctuations: correlators
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Fluctuations: correlators
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Fluctuations: kurtosis c,/c,
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Fluctuations: kurtosis c,/c,
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Fluctuations: kurtosis c,/c,
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Fluctuations: kurtosis c,/c,: zoom in
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Conclusions and outlook

- Lattice results are getting increasingly precise
Different collaborations agree on T,
- The ‘gap’ in the Eo0S is closing
- Crosschecks
- provide a handle on systematic uncertainties
- Agree well with available staggered results so far
Fluctuations computed on the lattice

- Deviate from HRG at temperatures as low as
T ~ 130 MeV

- Are consistent between the collaborations

22. August 2012 MIT Lattice Club — Stefan Krieg 44



24y BERGISC o
%‘%é} UNIVERSITAT ’J JULICH

= WUPPERTAL FORSCHUNGSZENTRUM

Thank you!
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