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Abstract

We study in this thesis online learning and optimization problems in operations man-
agement where we need to make decisions in the face of incomplete information and
operational constraints in a dynamic environment.

We first consider an online matching problem where a central platform needs to
match a number of limited resources to different groups of users that arrive sequen-
tially over time. The platform does not know the reward of each matching option and
must learn the true rewards from the matching results. We formulate the problem as
a Markovian multi-armed bandit with budget constraints, and propose an innovative
algorithm that is based on assembling the policies for each single arm. We prove the
algorithm’s worst-case performance guarantee, and numerically show the algorithm’s
robust performance compared to alternative heuristics.

We next consider a revenue management problem with add-on discounts where a
retailer offers discounts on selected supportive products (e.g. video games) to cus-
tomers who have also purchased the core products (e.g. video game consoles). When
the products’ demand functions are unknown, we propose a UCB-based learning al-
gorithm that uses the an FPTAS optimization algorithm as a subroutine to determine
the prices of different types of products. We show that the algorithm can converge to
the optimal full-information pricing policy. We also conduct numerical experiments
with real-world data to illustrate the performance of our algorithm and the advantage
of using the add-on discount strategy in practice.

We last consider a network revenue management problem where a retailer aims
to maximize revenue from multiple products with limited inventory. The retailer
does not know the demand of different products, and must learn demand from the
sales data. To optimize the pricing decisions, we propose an efficient algorithm that
combines the Thompson sampling technique and the online gradient descent method
with a primal-dual framework. In comparison to traditional algorithms that are based
on frequently solving linear programs, our algorithm does not need to solve any linear
program, and therefore, has the advantage in computational efficiency. We analyze
the performance guarantee of our algorithm, and show the algorithm’s fast running
time through numerical experiments.
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Chapter 1

Introduction

1.1 Motivation

Operations Management is concerned with the decision-making process that aims to
increase the efficiency of business operations and the production of goods or services.
With the increase of data availability and advance of information technologies, modern
operations management has been increasingly relied on data-driven decision-making
systems, and one of the key challenges in designing such systems is to develop good
operational policies in the face of uncertainty. For example, when an online retailer
determines the prices of products, she faces the uncertainty of customer demand un-
der different prices; when an online ad allocation platform decides the selection of ads
shown to each user, the platform faces the uncertainty of the user’s click response to-
wards different ads. The omnipresence of uncertainties in these applications motivates
the study of algorithms that can learn through interactions with the environment and
optimize operational decisions in an online fashion.

When developing online algorithms for operations management problems under
uncertainty, one faces the classic trade-off between exploration and exploitation. Here,
exploration describes the process of trying different actions to gain more knowledge
about the uncertain factors so as to improve future decisions, and exploitation de-
scribes the process of taking the action that optimizes the system based on the knowl-

edge obtained so far. In practice, the total planning horizon is usually limited. If
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a policy spends too many time periods on exploration, the time left for exploitation
will be very limited, and if a policy uses very few periods for exploration, the esti-
mation accuracy of the unknown factors will be low and affect the decisions in the

exploitation phase. In both scenarios, the policy cannot achieve a good performance.

One classic tool to study this exploration-exploitation trade-off is the multi-armed
bandit model. Specifically, in a multi-armed bandit problem, each action is modeled as
an arm, and every time an agent pulls the arm, the agent observes a random reward
that follows certain probability distribution. The agent does not know the reward
distribution of each arm, and therefore, needs to learn the knowledge by sequentially
experimenting different arms. The agent’s goal is to maximize the total expected

reward.

The multi-armed bandit model and its many variants have been studied exten-
sively in the literature over the past decade, and they have been applied to diverse do-
mains ranging from medical trials, to communication networks, to online advertising
and revenue management. For example, in clinical trials, we can model experimental
treatments as "arms" and use bandit algorithms to investigate the effects of different
treatments with the goal of minimizing patient losses; in routing, we can model route
choices as "arms" and apply bandit algorithms to adaptively optimize the routing
solution in order to minimize delays in a network; and in online advertising, we can
model selections of ads as "arms" and use bandit algorithms to find the optimal ad
allocations to different types of web users so that the total number of ad clicks is

maximized.

The growing interest to use multi-armed bandit techniques to solve online decision-
making problems under uncertainty has also been seen in the Operation Management
literature, where researchers focus on studying dynamic pricing, inventory control
and assortment optimization problems under unknown demand or unknown choice
models. Simultaneously, the operational constraints and practical restrictions one
faces in solving these real-world problems, such as constraints on resource inventory
and restrictions on switching decisions, have also reversely motivated new research

directions for bandit algorithms and have made a big impact on the development of
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the bandit literature.

In this thesis, we study several operations management problems with a uncertain
decision-making environment. We adopt the learning techniques from multi-armed
bandit models to address the exploration-exploitation trade-offs in these problems.
More importantly, we focus on incorporating the learning tasks into more complicated
optimization systems to solve real-world problems that take into account practical

constraints and operational limitations.

1.2 Overview

An overview of the works in this thesis is as follows.

In the first work, we study an online matching problem where a central platform
needs to match a number of limited resources to different groups of users that arrive
sequentially over time. The reward of each matching option depends both on the
type of resource and the time period the user arrives. The matching rewards are
assumed to be unknown, but drawn from probability distributions that are known a
priori. The platform then needs to learn the true rewards online based on real-time
observations of the matching results. The goal of the central platform is to maximize
the total reward from all the matching results without violating the resource capacity
constraints.

We formulate the matching problem with Bayesian rewards as a Markovian multi-
armed bandit with budget constraints, where each arm corresponds to a pair of a
resource and a time period. We devise our algorithm by first finding policies for each
single arm separately via a relaxed linear program, and then "assembling" these poli-
cies together through judicious selection criteria and well-designed pulling orders. We
prove that the expected reward of our algorithm is at least (v/2—1)/2 of the expected
reward of the optimal algorithm. In particular, in the single-resource case, we prove
the ratio is at least v/2 — 1. We also design numerical experiments to verify our algo-
rithm’s performance guarantee, and compare the algorithm with alternative heuristics

to illustrate the algorithm’s good and robust performance in various settings.
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In the second work, we study a revenue management problem with add-on dis-
counts. The problem is motivated by the practice in the video game industry, where
a retailer offers discounts on selected supportive products (e.g. video games) to cus-
tomers who have also purchased the core products (e.g. video game consoles). We
formulate this problem as an optimization problem to determine the prices of dif-
ferent products and the selection of products with add-on discounts. To address the
computational challenge of this optimization problem, we propose an efficient FPTAS

algorithm that can solve the problem approximately to any desired accuracy.

Additionally, we consider the revenue management problem in the setting where
the retailer has no prior knowledge of the demand functions of different products.
To solve this problem, we propose a UCB-based learning algorithm that uses the
FPTAS optimization algorithm as a subroutine. We show that our learning algorithm
can converge to the optimal algorithm that has full information of the true demand

functions, and we prove that the convergence rate is tight up to a logarithmic term.

We conduct numerical experiments with the real-world transaction data we collect
from a popular video gaming brand’s online store on Tmall.com. The numerical
results illustrate our learning algorithm’s robust performance and fast convergence
to the optimal algorithm in various scenarios. Moreover, the results show that our
learning algorithm can outperform the optimal policy that does not use any add-on
discounts, which illustrates the advantages of using the add-on discount strategy in
practice.

In the third work, we consider a canonical price-based network revenue manage-
ment problem where a retailer with the goal of maximizing revenue needs to decide
the prices of multiple products with limited inventory over a finite selling season.
The demand of different products, as functions of prices, contain parameters that are
unknown, and therefore, the retailer needs to learn these parameters from the sales
data. In addition, we assume that the demand parameters are drawn from certain
probability distributions that are known as prior knowledge.

In the presence of inventory constraints, the retailer faces the trade-off between

exploring different prices to learn demand and exploiting the price that maximizes
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revenue based on the current estimations. To tackle this challenge, we propose in this
work a novel primal-dual algorithm that uses the Thompson sampling algorithm to
learn the unknown demand parameters, and uses the online gradient descent algo-
rithm to learn the unit value of inventory. Compared to traditional algorithms that
are based on solving linear programs (LP) to optimize price in each selling period, our
algorithm does not solve any LP, and therefore, has the advantage in computational

efficiency.

In this work, we provide the optimality performance guarantee of our primal-
dual algorithm, which illustrates the algorithm’s convergence to the optimal pricing
algorithm that knows the true demand parameter. We also show by numerical exper-
iments that our algorithm has an outstanding performance in both optimality and
computation time in comparison to other algorithms in the literature. Moreover,
we discuss extensions of our primal-dual algorithm framework, and show that the

framework can be conveniently adapted to a variety of different problem settings.

The remainder of this thesis is organized as follows. In Chapter 2, we consider
the online matching problem with Bayesian rewards. We formulate the problem as a
Markovian multi-armed bandit with budget constraints and pulling order restrictions.
We develop an innovative algorithm that is based on the idea of "assembling" single-

arm policies, and provide the algorithm’s worst-case performance guarantee.

In Chapter 3, we consider the add-on discount problem with unknown demand
functions. We first develop an efficient FPTAS approximation algorithm to solve
the problem under full demand information, and then develop a UCB-based learn-
ing algorithm that uses the FPTAS optimization algorithm as a subroutine to solve
the problem under unknown demand. We also conduct numerical experiment based
on real-world data to show the advantage of using the add-on discount strategy in
practice.

In Chapter 4, we consider the online network revenue management problem with
unknown demand parameters. We develop a novel primal-dual algorithm that uses
Thompson sampling to learn demand and uses online gradient descent to learn the

unit value of product inventory. We numerically show that our algorithm has the
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advantage in computational efficiency compared to other LP-based dynamic pricing
and learning algorithms in the literature. We also provide the performance guarantee
of our algorithm through an intuitive primal-dual analysis framework, and discuss
extensions of our algorithm to a variety of dynamic pricing settings.

Finally, in Chapter 5, we conclude the thesis with discussions on further research
directions and extensions based on the problems and algorithms we study in each

chapter. The technical proofs for each chapter are included in the appendices.
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Chapter 2

Online Matching with Bayesian

Rewards

2.1 Introduction

In many real-world resource allocation problems, such as online ad allocation (see
Mehta Panigrahi (2012), Mehta et al| (2013))) and appointment scheduling (see
Truong| (2015))), the central task is to effectively match a number of resources with
limited capacities to heterogeneous customers that arrive sequentially over time, with
the goal of maximizing a certain notion of total reward (e.g. total revenue or customer
utility) from all the matching results.

For a concrete example, consider the following online traffic allocation problem
faced by the central platform of a large e-commerce company. When a user visits
the e-market, the platform may display a banner ad on the mobile app or the web
page. Such ads come from different channels such as a live web-streaming platform, a
coupon delivery system, or a product recommendation system, etc. Each ad is linked
to a specific item that the channel itself selects for recommendation. The central
platform needs to route online traffic (i.e., impressions) to all of these channels. In
this traffic allocation scheme, each channel provides an estimate of the number of
impressions it would like to receive. The central platform then needs to globally

maximize the total number of clicks on the displayed ads from all the channels.
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Figure 2-1: A canonical matching problem for online traffic allocation platforms.

Figure [2-1]illustrates the dynamics of a canonical matching problem faced by such
an online traffic allocation platform. There are a number of different recommenda-
tion channels. Each channel corresponds to a resource associated with a "budget"
value. The budget represents the number of impressions that the channel expects to
receive. The central platform may not satisfy these expectations from all the channels
(i.e., may not use up all the budget). Instead, it tries to meet the expectations by

maximizing the total reward collected from the budget of these channels.

The total time horizon is divided into several discrete time periods, and in each
time period, a group of users arrive at the central platform sequentially. When a user
arrives, the platform needs to match the user to one of the channels. The reward
of each matching option is measured by the user’s click probability for that channel,
which is also known as the channel’s click-through rate. These click-through rates
depend not only on the recommendation channel, but also the time period the user
arrives. For instance, the click-through rate of a live web-streaming channel in the
morning could be dramatically different from that in the evening. In addition, in this
research, we do not consider the central platform’s ability to estimate personalized
click-through rates, as in practice some channels require the composition of the flow of
impressions to remain unchanged. Nevertheless, the central platform has the ability

to adjust over time the size of the impression flow that each channel receives.

Suppose the central platform knew the click-through rates of all the channels
in all time periods. In order to maximize the total number of clicks, the platform

needs to solve a global optimization problem to make allocation decisions. A common

22



reward-maximization strategy is to solve a relaxed linear program
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where p;; is the click-through rate for channel 7 in period ¢, B; is the total budget
of channel 7, and D, is the number of users in period t. Then the central platform

would allocate approximately x;, users to channel ¢ in period ¢.

Unfortunately, in practice, it is usually a challenging task for the central platform
to accurately estimate these click-through rates because of many real-world compli-
cations. First, for online platforms, click-through rates are often estimated by deep
learning models. The estimation results are refreshed from time to time (depending
on the availability of computational resources), which causes drastic changes in the
predictions of future click-through rates. Second, different user types may arrive in
different time periods, so a channel’s click-through rate during the day can be very
different from that during the evening. Due to such variations, the estimation of a
channel’s click-through rate in a certain time period may not be useful for future time

periods.

Motivated by these challenges in estimating click-through rates, we study in this
paper an online matching problem with unknown rewards. Specifically, the rewards of
matching options, as shown in Figure are not known a priori. In this setting, the
central platform needs to decide which type of resource to allocate to each arriving
user, while learning the reward of each matching option on the fly based on real-time
observations of the matching results. Given the limited number of allocations both
from each resource and in each time period, the central platform faces the trade-

off between "exploiting" the matching options with demonstrably high rewards and
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"exploring" the options with uncertain reward estimations. More importantly, as
future click-through rates may change according to the way each channel updates
its recommendation strategy (e.g., applies a new dataset for training deep learning
models), and because user types vary with time periods, the rewards of allocating
the same resource in different time periods can be very different. This fact raises an
additional challenge that the knowledge about the rewards of matching options the
platform learns from one time period can hardly be applied to the next.

Our model features a Bayesian learning setting. That is, we assume the rewards
of matching options, although unknown, are drawn randomly from certain known
prior probability distributions. With such prior information, the central platform can
make preliminary decisions regarding the allocation of each resource’s budget across
different time periods. The platform can then adjust these decisions adaptively as it
gains more information about the true rewards online.

The reasons for adopting a Bayesian learning setting in our problem are as follows.
First, in practice, the central platform can always obtain such prior knowledge of a
channel’s click-through rate by analyzing the channel’s click history or from other
similar channels. Second, for our matching problem, a Bayesian setting is less con-
servative than a non-Bayesian setting where no prior information is provided. In the
latter setting, all click-through rates are totally unknown. Ball Queyranne (2009)
and [Ma Simchi-Levi| (2019) have shown that in such a non-Bayesian environment, it
might be difficult to design an online matching algorithm with a strong performance
guarantee. E]

The main contribution of this paper is that we propose an algorithm with a strong
performance guarantee for the matching problem with Bayesian rewards. In partic-
ular, the optimal algorithm for the problem can be found via a dynamic program.
However, such an approach suffers from the curse of dimensionality, and is thus
computationally infeasible. We show in this paper that our matching and learning al-

gorithm can obtain at least a constant fraction of the expected reward of the optimal

'Here, an algorithm’s performance is measured by competitive ratios. Ball Queyranne| (2009)
and Ma Simchi-Levi| (2019)) have shown that it is impossible to obtain a constant competitive ratio
when there exists arbitrarily many reward levels for each single resource.
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algorithm. We state our main theoretical result in Theorem [2.4] This main result
is based on an interesting analysis of a special case of the model that we present in
Section [2.3.2] Besides technical analysis, we also numerically compare our algorithm
against several other heuristics that are motived by the algorithms in (Guha Muna-
galal (2013). The numerical results show that our algorithm obtains around twice the
expected reward of the randomized heuristic in all test cases, and outperforms the
benchmark heuristic in the worst-case scenarios. The comparison results demonstrate

our algorithm’s good and robust performance in various settings.

2.1.1 Literature Review

This paper is related to two main streams of research topics in the literature: online

resource allocation and online learning.

Online Resource allocation

The online resource allocation literature considers the problem of matching resources
with limited capacities to customers that arrive sequentially over time. A major
focus of the research papers in this area is to develop optimal allocation algorithms
under different assumptions of customer arrival sequences. One of the classic settings
assumes stochastic arrivals, where the reward associated with each arriving customer
is assumed to be drawn i.i.d. from a known distribution. For a brief overview of the
celebrated results in this setting, see [Feldman et al.| (2009), Feldman et al.| (2010)),
Jaillet Lu (2012) and Jaillet Lu| (2013). In another classic setting, the customer
arrival sequence is assumed to be a random permutation of a unknown sequence, and
a summary of the main results in this setting can be found in |Goel Mehta| (2008),
Devanur Hayes (2009), Mahdian Yan! (2011)) and |Agrawal et al. (2014)).

We highlight the online matching setting that assumes arbitrary arrivals. In this
setting, the central platform has no predictability in the types of customers that will
arrive in the future. In this line of research, [Ball Queyranne (2009) study an on-

line booking problem. That paper considers a single resource that generates different
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rewards when allocated to different customers. Mehta et al.| (2005 and Buchbinder
et al. (2007) study the Adwords problem. |Golrezaei et al| (2014) study a personal-
ized online assortment problem. These papers consider multiple resources, and each
resource generates the same reward rate when allocated to different customers. Ma
Simchi-Levi (2019)) generalize these two scenarios and study the problem that involves

multiple resources with each resource having multiple reward rates.

The performance of algorithms in the arbitrary arrival setting is usually measured
by competitive ratio, which is defined as the ratio between the reward of an algorithm
and the reward of the optimal algorithm that knows the arrival sequence in advance.
In the problem that considers multiple reward rates, Ball Queyranne, (2009)) and |May
Simchi-Levil (2019) show that the best competitive ratio an algorithm can achieve is
dependent on the values of rewards, which means no algorithms can obtain a constant

competitive ratio for arbitrary arrival sequences.

A recent stream of the research has been focusing on incorporating online learning
into resource allocation problems where the rewards for the allocation decisions are
unknown and the central platform has to learn these rewards online. In the setting
of stochastic arrivals, the problem is closely related to the “bandits with knapsacks"
problem that studies stochastic bandits with resource constraints. The bandits with
knapsacks model is introduced in Slivking| (2019), and then followed by a stream of
work, such as |Agrawal Devanur| (2014a), Agrawal Devanur| (2016 Agrawal et al.
(2016b), in which the authors extend the model to allow more generalized forms of
rewards and constraints, and Ferreira et al| (2018), in which the authors extend the
model to the Bayesian setting and study a personalized dynamic pricing problem.
In the setting of arbitrary arrivals, Cheung et al.| (2018)) study a general resource
allocation problem with unknown rewards. That paper provides a powerful algorithm
framework that integrates the inventory balancing techniques for online matching

problems with a broad class of online learning algorithms.

Building on this recent stream of work, we study in this paper an online re-
source allocation model with unknown rewards. Specifically, our model considers

non-stationary customer arrivals, which means the rewards of allocation decisions in
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different time periods are different. This setting is less conservative than that in Ma
Simchi-Levi (2019) and |Cheung et al.| (2018), and more flexible than that in [Ferreira
et al. (2018). Both our model and Ferreira et al.| (2018) adopt a Bayesian learning
setting. The difference is that [Ferreira et al. (2018) provides a sub-linear regret as
the algorithm’s performance measure, which makes sense in the asymptotic regime as
the number of time periods or users grows large. In this paper, we aim to develop an
algorithm with a performance guarantee for all problem instances. Therefore, instead
of providing a sub-linear regret, we show that our algorithm can obtain a constant

fraction of the optimal algorithm’s reward.

Online learning

The online learning literature focuses on sequential decision-making problems under
unknown rewards, and the general approach is to formulate the learning (exploration)
and earning (exploitation) trade-off in the decision-making process as a multi-armed
bandit problem. Specifically in the Bayesian learning setting, the problem is usually
formulated as a Markovian multi-armed bandit, where each arm is associated with a
Markov decision process (MDP).

In Markovian bandit problems, the rewards and transition probabilities at each
state of the MDPs are given as input, and therefore, the major challenge is compu-
tational. In the infinite-horizon setting with discounted rewards, the problem can
be solved by the celebrated Gittins index policy. The books |Gittins Jones (1979)
and |Gittins et al| (2011) have provided an in-depth treatment of such index-based
policies.

Note that the Markovian bandit problem is different from the stochastic bandit
problem. Specifically, the objective of the latter is to minimize regret, which is defined
as an algorithm’s reward loss relative to the optimal policy of a clairvoyant that knows
the true rewards of each arm. For a comprehensive review on the stochastic bandit
problem and its many variations, see Bubeck et al.| (2012)) and Slivkins| (2019)).

Building on the traditional Markvoian bandit model, a recent line of research has

been focusing on studying the finite-horizon version of the model with extra opera-
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tional constraints. In such cases, the optimal policy is computationally intractable, so
an algorithm’s performance is measured by the ratio between the expected reward of
the algorithm and the expected reward of the optimal algorithm. For example, |[Farias
Madan| (2011)) study an irrevocable multi-armed bandit model where revisiting to an
arm that was pulled but then stopped is disallowed. The model is motivated by ap-
plication scenarios in which such revisit actions are either unacceptable or too costly.
Farias Madan| (2011)) propose an algorithm for the problem by drawing intuitions
from the packing heuristic, and show that the algorithm has a constant performance

guarantee.

Following this line of work, Guha Munagala (2013|) propose an algorithm for
the general finite-horizon Markovian bandit problem. The algorithm satisfies the
irrevocability restrictions and obtains a 1/2 performance ratio guarantee. Later, Ma
(2018)) proposes a generalized model that bridges the finite-horizon Markovian bandit
problem with the stochastic knapsack problem in Dean et al.| (2008]). That paper
provides an algorithm for the generalized model, which also obtains a 1/2 ratio under

the restrictions of irrevocable policies.

Another line of work on Markovian bandit problems focuses on studying restric-
tive bandit policies under various types of budget constraints. For instance, |Guha
Munagala (2009) consider a Markovian bandit model where both the action of pulling
an arm and the action of switching between arms incur costs, and these two types of
costs are respectively bounded by different budgets. Moreover, that paper considers
two types of objectives: maximizing total accumulative reward (past utilization) and
identifying the best arm (future utilization). The authors provide algorithms with

constant performance ratios in both cases.

Guha Munagalal (2013) then summarize a series of budget-constrained Markovian
bandit models in (Guha Munagala (2007), Guha Munagalal (2008)) and (Guha Muna-
galal (2009). More importantly, that paper proposes a general algorithm framework
for solving finite-horizon Markovian bandit problems with various side constraints.
In one of the restrictive settings, one has to pull the arms irrevocably and follow the

order that is arbitrarily fixed at the beginning. In this setting, that paper provides
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an algorithm that can always obtain at least 1/4 the expected reward of the optimal
policy.

This paper considers a Markovian bandit model where each arm corresponds to a
pair of a resource and a time period. Specifically, in each time period, pulling an arm
represents matching a resource to a customer that arrives in this period. In addition,
the matching decision in each time period is modeled as a set of independent arms.
It is worth mentioning that our model with a single time period corresponds to the
model in Farias Madan| (2011) without irrevocability constraints. Moreover, due to
the nature of the matching process, our model with a single resource corresponds to
the restrictive setting in |(Guha Munagalal (2013]) where the order of pulling different
arms is arbitrarily fixed at the beginning. We consider our model a generalization
of these two models to multiple resources and multiple time periods. Furthermore,
in the single-resource case, we devise an innovative algorithm that improves the 1/4
ratio provided in (Guha Munagala (2013)). In the generalized case, we integrate this
algorithm with the algorithm for the single-period model, and provide a powerful

algorithm with a strong performance guarantee.

The Markovian bandit model in this paper also features a non-stationary learning
environment where the actions of matching the same resource in different time periods
are formulated as independent arms. This setting is less conservative than that of
the "restless bandits" where an arm’s state keeps evolving regardless of the arm’s
being pulled or not. We refer the readers to [Whittle (1980), Bertsimas Nino-Mora
(2000), Nino-Mora| (2001)) and |Guha et al| (2010) for a detailed treatment of the
restless bandit problem. In addition, our non-stationary setting is different from the
setting in Besbes et al.| (2014), Besbes et al. (2015) and (Cheung et al.| (2019). In
those papers, the authors consider a non-stationary reward structure for stochastic
bandits, in which the variation of the arms’ mean rewards over the entire time horizon
is bounded by a variation budget. In this paper, we assume no such variation budgets.
In fact, in our model, the rewards of each resource’s associated arms in different time
periods can vary dramatically. This corresponds to the observation in practice that

the popularity of a live web-streaming channel in the evening is significantly higher
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than that in the morning. We show in this paper that our algorithm’s performance

guarantee applies to all levels of reward variations.

2.2 Model Formulation

Motivated by the online traffic allocation problem, we consider an online matching
model with a Bayesian learning environment. Throughout this paper, we use [k] to

denote the set {1,2,...,k} for any positive integer k.

2.2.1 Online Matching Process

We need to match N resources to users arriving in 7' time periods. Each resource
i € [N], as illustrated in Figure has a budget B; that specifies the maximum
number of users (i.e., impressions) it can receive across the horizon. In practice, this
number of impressions is given to the central platform from the beginning, and hence
we assume each resource ¢’s budget B; is known a priori.

We consider each time period t € [T] as a period of time in a day or a week. For
example, to model a daily traffic allocation task, we can divide a day into three time
periods: morning, afternoon and evening. With such division of time periods, our
model can capture the possible variations of each channel’s click-through rate during
a day. In each time period, a group of D; users arrive sequentially. Given that the real
traffic volume in each time period is high, the central platform can usually estimate
the value of D, accurately, i.e., with small variances. Therefore, we assume that D,
is known for all ¢ € [T'] at the beginning.

The reward of resource ¢ in period ¢ is denoted by p;; € [0, 1], which corresponds
to the click-through rate of channel 7 in period t. For each arriving user, we need to
match her to one of the resources, or irrevocably reject her (by not displaying any ad

or recommendation to her in order to save budgets for future periods E[) When we

2Tt is not practical to reject users as it wastes valuable impressions. In practice, there are often
resources with large budget but small reward values. Then we can always replace the "reject" option
by matching users to those resources. Nevertheless, we keep the "reject" option so that the model
is clean.
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match a user to resource 7 in period ¢, we earn reward p;; in expectation if resource
1 still has a positive remaining budget. After that, the budget value of the matched
resource is depleted by one, regardless of whether it is clicked or not. The goal is to

maximize the total reward collected from all the users and resources.

2.2.2 Bayesian Online Learning

Due to the challenges of estimating click-through rates in practice, we assume in our
model that the reward values p;; € [0, 1] are unknown from the beginning. We assume
pi+ are drawn from certain probability distributions, and we know these distributions
a priori. We then need to learn the true reward values on the fly from real-time obser-
vations of users’ clicks. Each time we match a user to a resource, we can immediately
observe an independent Bernoulli response of the user, which in practice corresponds
to the click or no-click action. The success rate of the Bernoulli random variable is
pi for resource 4 in period t.

We assume that all the p;; are independent of each other, because as mentioned
in the introduction, the estimation models (e.g., deep learning models) implemented
by the traffic allocation platform may refresh the estimation results from time to
time using new datasets. Consequently, we can view the combination (i,t) of each
resource i € [N] and time period t € [T] as an “arm”. Pulling arm (i,¢) corresponds
to matching a user to resource ¢ in period ¢t. After each pull of arm (i, ¢), we update
the posterior probability distribution of p;; based on the corresponding Bernoulli
outcome.

For each arm (i,t), we can use a Markov decision process (MDP) to describe the
updating procedure of the posterior distribution of p;, and the associated decision-
making process. Since p;; is a Bernoulli success rate, we can use two numbers (a, b),
which denote respectively the number of successes and failures we have observed, to
represent the current state, i.e., knowledge of p;;. Let S;; denote the state space for
(a,b). The initial state of the MDP is (0,0). For each state u = (a,b) € S;4, let
QZ(T;)() denote the density function of the posterior distribution of p;; in state u, and

pgz) the expected value of p;; in state u. Given the posterior probability distribution
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of p;;, we know

1
Py = / p- 6% (p) dp.
0

Let qi(ft“v) denote the transition probability from state u to state v when the arm is

pulled in state u. Given u = (a,b), we have

pgz), v=(a+1,b)
(uv) _

a 1—p%, v=(a,b+1)

0, otherwise.

At the beginning of each period ¢, the MDPs of arms (1,%), (2,t),..., (N, t) are in
state (0,0), as we have not collected any online information about py ¢, pas, ..., PN
For no more than D; times in period ¢, we need to pull one of the arms (1,¢), (2,1),

., (IV, t) with positive remaining budget. Each time we pull an arm (i, ¢), we collect
reward pg? in expectation. Then the MDP of arm (7,¢) moves from the current state
u € S;; to a new state v € S;; according to transition probability qi(f;’v). For the arms

that are not pulled, their MDPs stay at the same state with probability one and the
central platform collects no reward from these arms.

As a summary of the model description, we remark that we can make every match-
ing decision based on the current states of the all the MDPs. The estimation of p;,
becomes more accurate as we allocate more users to resource i in period t. After
making a matching decision in period ¢ and observing the corresponding Bernoulli
response, we need to make a choice among the following decisions:

1. match the same resource to the next user in period t;

2. match another resource to the next user in period t;

3. reject all remaining users in period ¢ and save the budgets of all resources for
future time periods.

The central platform’s learning and decision-making process characterizes the fol-
lowing challenges. First, the platform faces the classic trade-off between learning
(i.e., exploration) and earning (i.e., exploitation) in each time period. Specifically,

the platform needs to balance the number of displays between the matching options
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with established high rewards (exploitation) and the matching options whose rewards
are potentially high but still uncertain (exploration). Second, the platform needs to
decide how to allocate each resource’s budget among different time periods. The de-
cision on whether to allocate the budget to the current time period or save the budget
for future time periods reinforces the importance of the balance between exploitation

and exploration.

Performance guarantee. In principle, we can use a dynamic program to find
the optimal algorithm for maximizing the total expected reward, on the joint state
space of the N x T arms. Unfortunately, this approach suffers from the curse of
dimensionality. Thus, in this paper, we aim to design an approximation algorithm

with a provable performance guarantee.

To be more precise, consider a problem instance Z, which specifies the number
of resources NN, the number of time periods 7', budget constraint B;, demand size
Dy, and the prior distribution 6;, of reward p;;, for each arm (4,t) with ¢ € [IV] and
t € [T]. Let ALG(Z) denote the expected reward of our algorithm for problem instance
Z, and OPT(Z) the expected reward of the optimal algorithm. (The expectations are
taken over the randomness in the MDP transitions and an algorithm’s decisions.) We

propose and analyze online algorithms with the following strong guarantee:
ALG(Z) > a-OPT(Z) for all T (2.1)

where « is a constant to be proved.

LP relaxation. To provide an analytical benchmark in place of OPT, we formu-

late a linear program relaxation of the Markovian problem.

(u

In this formulation, yi,t) € [0, 1] represents the probability that the MDP of arm
(,t) ever "enters" state u; x%) € [0, 1] represents the probability that the MDP of
arm (i,t) ever enters state u and an algorithm pulls arm (4, ¢) while its corresponding
MDP is in state u. More specifically, for arm (i, t), %(1:) is defined on states u € S7,
where S, = {(a,b) | a +b < min{B;, Dy} }, and xﬂ) is defined on states u € S;; where

Si, = {(a,b) | a+b<min{B;, D;}}. Constraints (2.4) and (2.5) describe the bud-
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get constraints and group-size constraints. Constraint (2.8) ensures that each MDP
starts from the initial state p := (0,0); constraint (2.9 ensures that the transition

probabilities in each MDP are valid following our definition of xﬂ) and yf?

T N
= max ZZI Z plu) (W), (2.2)
u€sS;

t=1 i=
s.t. ogx(?gy.(?, VuelS;, te[T] iclN] (2.3)
sz” < B;, Yie€|[N] (2.4)
t=1 ues;,
N
SN Y <D, Vielr (2.5)
i=1 ues]

2\ €[0,1], Yue S, tel]

[\
D

g e 0,1, Yue S, tell]

[\
0g)

—~ —~ —~ —
Nej =~
~ ~— ~— =

ue = Y ey, YueSi\{p} te[l] ic[N] .

uES{yt
This linear program provides an upper bound on the expected reward of the
optimal algorithm. We state this result in Theorem [2.1, We use LP to denote both
the linear program and its optimal value. A similar linear program formulation is

also proposed in paper Farias Madan| (2011) and |Guha Munagalaj (2013)).

Theorem 2.1. The expected reward of the optimal algorithm is upper-bounded by LP.

2.2.3 Preliminaries

We introduce in this section the basic technical details for designing our algorithm
and proving the algorithm’s performance guarantee. These technical details are based
on the results developed in Guha Munagala/ (2013).

Notice that the solution to LP does not directly correspond to an algorithm for

our model since the decision variables do not capture the joint evolution of the states
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of different arms. Nevertheless, the solution can be used to construct a collection of
"de-coupled policies" for each single arm, and the ideas of (Guha Munagalal (2013)
for devising approximation algorithms are based on “assembling” these de-coupled
policies into online algorithms. Our novel algorithms in Section [2.3] and Section
are also built upon assembling such de-coupled policies.

We call the decoupled policies single-arm policies. Specifically, for each arm (i, ),
we denote the arm’s single-arm policy as P;i(X; 4, ¥ie, /) and it has the following
parameters:

e feasible solution x;; = {xg;), u € Si,}, yie = {yz-(j:), u € S} to LP;

e allowed number of pulls or “budget" parameter K.

The single-arm policy P; (X, 1, i, /) for each arm (7, ¢) specifies a (randomized)
mapping from each state u = (a,b) in S;; with a +b < K to one of the decisions: (i)

pull the arm, or (ii) stop. Formally, we define P; +(X;+,yi+, K) as follows.

Single-arm policy P; (X, Yit, K)
Initialization: set a = b = 0 and state u := (a,b)
While a +b < K:

(] uniformly at random:

Choose w € [0, y;
(a). If w € [0, 331(,?]7 then pull the arm (i, t).
Observe a transition of the MDP from u to v := (d/, V).
Set u < v,a<+d,b+ V.
(b). If w € (x(u) ygf)], then stop.

it

Return a + b.

We can interpret single-arm policies as stopping trials. For each arm (i,t), we
keep pulling the arm until the number of pulls reaches budget K, or until we observe
w € (xl(“t),yz(lz)] in state u. The policy then returns the total number of pulls as a
result.

Let R(-) and K(+) be the expected reward and expected cost (i.e., number of pulls)

functions of a single-arm policy, respectively. Given single-arm policy P; +(X;+, Yit, /),
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we have

R(Pis(xie,yie, K)) = > pal1(a+b < K), (2.10)
u:(a,b)ES]
K(Piu(xit,yie, K)) = Y 2l 1(a+b < K). (2.11)

u:(a,b)€S] ,

The summations in and are taken over the states (a,b) in Sj, where
a+b < min{B;, D;}.

Now we consider the "assembling procedure" that runs a collection of single-arm
policies according to a pre-specified order and an adaptively updated budget param-
eter. This assembling procedure defines a general algorithm framework for design-
ing algorithms with single-arm policies, and we will frequently use this framework
throughout this paper. To illustrate the idea of this general framework, we consider
M arms, with each arm having a budget parameter U,,. In addition, these M arms
share a common budget W.

The assembling procedure takes the following components as inputs:

e single-arm policies: Py, (X, Ym, ) for m € [M];

e an order of pulling the M arms (i.e., running the corresponding single-arm

policies): I(1),...,1(M), which is a permutation of 1,..., M.

The framework is formally defined as follows. Note that the algorithm framework
is a central component for developing the algorithms for our problem where each
coupling constraint (with respect to B; or D;) corresponds to an assembling procedure.
Specifically in our problem, for each period ¢ € [T], we have N arms (1,¢),...,(N,t)
sharing budget D;, and for each resource i € [N]|, we have T arms (i,1),...,(i,T)
sharing budget B;. Therefore, given single-arm policies P; +(X; ¢, i+, -), we can devise
our algorithm by applying Framework to the single-arm policies of these different sets

of arms.

In the algorithm framework, we keep updating the budget parameter of each
single-arm policy. Given single-arm policy P, (Xm, Ym, K ), when its budget parameter

is reduced to K with 8 € [0, 1], we provide in Theorem the relationship between
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P(Xims Y, K) and Py, (X, Yo, SK) in terms of their expected rewards and expected
costs. Based on this result, we show in Proposition 2.1 a lower bound of the expected

reward of any algorithm that fits into Framework.

Framework

Input: single-arm policies Py, (X, Yim, *), m € [M];
order I(1),...., I(M).

Initialization: set W' = W.

For k =[1,..., M]:
n <= Priwy Xy, Yk, min{ Uy, W'});
W'« W' —n.

Theorem 2.2. Given single-arm policy P (Xm, Ym, K) with budget parameter (i.e.,
allowed number of pulls) K, if K is reduced to K where 5 € [0, 1], then we have

(1) R (P (Xms Ym, BK)) 2> B+ R (Pim(Xm; Ym, K))
(1) K (P (X, Y, BK)) < K (Pi(Xim, ym, K)) -

Proposition 2.1. Consider M arms that share budget W, and each arm m € [M]|
has budget U,,. Given single-arm policies Py, (-, Kp,) with budget parameter K, =
min{U,,, W} for each m € [M], expected reward R, = R(Pm(-, Kn)) and expected
cost K, = K(Ppn (-, Ky)) then the expected reward of any algorithm that runs these

single-arm policies with Framework in the order I(1),...,1(M) is at least

1 / /
> (1 ~ 7 Z}Cm> Rin)- (2.12)

ke[M] i<k

2.3 Algorithms for Two Special Cases

We consider in this section two special cases of the online resource allocation problem,
where we assume 7" = 1 (i.e., single time period) and N = 1 (i.e., single resource),

respectively. The algorithms for these two special cases are both based on Framework.
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More importantly, the design of these two algorithms motivate the idea for devising
the algorithm for the general problem where 7" and N can be any positive integers.

The single-period problem where 7" = 1 has been well studied in [Farias Madan
(2011) and Guha Munagala (2013). For convenience of discussion, we restate the
algorithm using Framework and provide the main results from |Guha Munagalal (2013))
in Section 2.3.1]

The single-resource problem where N = 1 is the major focus of our paper. In
this problem, we cannot decide the order of pulling different arms, but have to follow
the time order, and therefore, the algorithm for the 7" = 1 model cannot be applied.
To tackle this challenge, we propose a novel algorithm that judiciously allocates the
budget between the “good" arms that have relatively high rewards and the “bad"
arms that have relatively low rewards. We present the development of the algorithm

and the algorithm’s performance guarantee in Section [2.3.2]

2.3.1 Single time period and multiple resources

In the case of T'= 1, we have N arms sharing budget D (subscript ¢ omitted), and
each arm ¢ has budget B; for i € [IN]. Given single-arm policy P;(-) := Pi(x},y}, ")
with optimal solution x7, y; to LP, let R, and K; be the expected reward and expected
cost of the policy P;(min{B;, D}) with budget parameter min{B;, D}.

To solve this problem, we follow the "greedy" approach proposed in [Farias Madan
(2011) and |Guha Munagalal (2013)) that runs single-arm policies P;(-) for i € [N]
with Framework in a decreasing order of their "reward-to-cost ratios". We refer to the
algorithm as Greedy, and describe its detailed procedure as follows.

We obtain from Guha Munagala; (2013) that
S (12 K | Riw = = 3 R (2.13)
D 4 ! 2.
ke[N] i<k i€[N]

By Proposition [2.1 we know the left-hand side of (2.13) is a lower bound of the
expected reward of algorithm Greedy. In addition, by Theorem [2.1, we know that
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Zie[N} R; = LP > OPT, where OPT denotes the expected reward of the optimal
algorithm for the problem. Let ALG denote the expected reward of algorithm Greedy,

and we obtain the performance guarantee ALG > % OPT.

Greedy
Input: single-arm policies P;(+) for i € [N];
order I(1),....,I(N) such that

Koy = Ky = 7 Ky
Initialization: set D' = D.
For kin [1,..., N]:
n <= Py (min{ By, D'});
D'« D —n.

2.3.2 Single resource and multiple time periods

In the case of N = 1, we have T" arms sharing budget B (subscript ¢ omitted), and
each arm ¢ has budget D,;. This problem is much more challenging than the previous
one due to an additional restriction that we must pull the arms according to the time
order 1,...,T. Hence the previous greedy algorithm, in which we have the freedom
of choosing the order of pulling different arms, cannot be applied to this case.

To tackle this challenge raised by the time order restriction, we develop in this
paper an innovative algorithm that differentiates the allocation of each arm’s budget
based on the arm’s relative reward levels. The outline for developing the algorithm is
as follows. First, we describe the worst-case input order for any algorithm that uses
Framework. Then with this worst-case order, we separate the set of high-rewarding
arms and the set of low-rewarding arms by judiciously selecting a threshold value of
the single-arm policy’s reward-to-cost ratio. Last, we modify each arm’s single-arm
policy with differentiation based on the set each arm belongs to. We propose the

algorithm that runs these modified policies with Framework in the fixed time order,
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and we prove our algorithm’s performance guarantee by establishing a condition that

is similar to (2.13)).

Worst-case Order

The worst-case order for any algorithm that runs under Framework is defined in terms

of the lower bound of the algorithm’s expected reward, and its formal definition is

provided in Proposition

Proposition 2.2. The lower bound (2.12) shown in Proposition 15 mainimaized
when the order I(1),...,1(M) is such that

R/ / R/
) < 1@ <...< (M)

< <. < on (2.14)
Koy ~ K Kiron

We refer to the order I(1),...,I1(M) that satisfies (2.14)) as the worst-case order.

In particular, given single-arm policy Pi(:) := Pi(x},y;, ), expected reward R;
and expected cost IC; of the policy P;(min{B, D;}), consider the algorithm that runs
single-arm policies P;(-) with Framework in order ¢t = 1,...,T. By Proposition ,
in the worst case, the reward-to-cost ratios of these single-arm policies increase in t,

namely, R, /Ky < ... <Rp/Kr, and the value of the lower bound ({2.12)) is now

g{;} (1 — éZICS> R, (2.15)

We illustrate the lower bound for the worst-case order in Figure 2-21 We observe
that the value of is equivalent to the area of the highlighted rectangles in the
figure. We can also lower-bound this value by the area under the piecewise-linear
curve where the slope of the ¢-th line segment is given by B - (R;/K;). Specifically in
Figure from bottom to top, the area of the first rectangle is R, and the second
(1 = Ky1/B) Ry, etc. In addition, the total accumulative height of the rectangles is
equal to ZtE[T] Ry, so is the total area of the underlying region.

With abuse of notations, let OPT denote the expected reward of the optimal algo-

rithm for this single-resource problem, and ALG the expected reward of the algorithm
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that runs P;(-) with Framework. By Theorem we know >,y Ry = LP > OPT.
The algorithm’s performance guarantee in terms of ALG/OPT is hence lower-bounded
by the ratio between the total area of the rectangles (or the area under the piecewise-
linear curve) and the area of the underlying region.

Suppose in the worst-case order, the reward-to-cost ratio Ry /Kr, is much larger
than the ratios of the other single-arm policies. Then in Figure the slope of
piecewise-linear curve is small for the first 7" — 1 segments, and then increases sig-
nificantly for the T-th segment. Correspondingly, the area under the curve would be
very small, and it is thus difficult to find a constant that lower-bounds the algorithm’s
performance guarantee ALG/OPT. In other words, the algorithm would use most of
the budget pulling the less rewarding arms, and such inefficient use of the budget

makes it difficult to establish a condition similar to (2.13)).

Figure 2-2: A pictorial explanation of the lower bound of an algorithm’s expected
reward under Framework.

Cutting Point

We differentiate the arms by selecting a threshold value of the reward-to-cost ratios
of their single-arm policies.

We re-arrange the arms according to the worst-case order shown in . For
simplicity, we assume without loss of generality that R/K; < ... < Ry /Kr. Let

R = Ztem R:. We construct function F(x), which describes the piecewise-linear
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curve shown in Figure , with the y-axis scaled by 1/R*:

1 1
§§ j/cs,EE K| -
s<t s<t

1 R/ R* 1
F<x>:§ZRS+ ICtt//B <x_§ZKS> for x €

s<t s<t

(2.16)

We decide the threshold value of the reward-to-cost ratios by finding a “cutting"
point on the function curve of F'(x). In particular, we observe that the slope of each
line segment of F(x), namely, (R;/R*)/(K:/B), is proportional to each single-arm
policy’s reward-to-cost ratio. Let F’(z) denote the set of sub-gradients of function

F(-) at value z. The cutting point (z*,y*) with y* := F(z*) is subject to the condition
1— F(z*) € F'(x¥). (2.17)

The condition characterizes a judicious rule for selecting the cutting point.
Consider an algorithm that saves the budget for the high-rewarding arms by reducing
the budget of the low-rewarding arms. Given cutting point (z*,y*), if 1 — F(z*) <
F'(x*), then due to the fact that F'(z) and F’(z) both increase in x, most arms would
be divided into the set of high-rewarding arms. In this case, the algorithm’s budget
allocation scheme would fail to distinguish the arms by their reward levels. On the
other hand, if 1 — F'(z*) > F'(z*), then most of arms would be divided into the set of
low-rewarding arms. In this case, the allocation scheme would reserve the budget to
only a few arms, and such a conservative allocation would also result in an inefficient
use of the total budget. Therefore, the condition 1 — F'(z*) € F'(z*) finds a perfect
balance between the previous two scenarios.

We can use line search methods to find the cutting point that satisfies . We
show in Lemma that the cutting point is guaranteed to exist and is unique. The
claim is due to the facts: i) F(z) and F’(x) are both continuous in z; ii) 1 — F(z) is

strictly decreasing in x; and iii) F'(x) is non-decreasing in .

Lemma 2.1. Given function F(x) as defined in (2.16|), the cutting point (z*,y*) that
satisfies (2.17) is guaranteed to exist and is unique.

As shown in Figure the cutting point defines three different sets of arms.
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We denote them as Gg, G; and G, respectively. Set Gy contains the arms whose

corresponding line segments are below the cutting point, namely,

Go 1= {t: %t//};* < E’(x*)},

where F'(2*) denotes the minimum sub-gradient in set F’(z*). Set Gy contains the

arm whose corresponding line segment is exactly on the cutting point, namely,

Gy = {t : 72//};* —1- F(x*)} :

If the cutting point happens to be a breakpoint of the piecewise linear function F'(z),

then G is empty. Set (G5 contains the arms whose corresponding line segments are

above the cutting point, namely,

Gy = {t : 7’2//};* > F’(gg*)},

where F'(2*) denotes the maximum sub-gradient in set F'(z*).

i

(x.y) ' 1
I I reamms | e
- - =-- ! 1
1 ll

Figure 2-3: Sets of arms divided by the cutting point: Go(I), G1(II), Go(III).

Prophet Policy

We modify each arm’s single-arm policy with differentiations based on the set each
arm belongs to. For the arms in set G, since their single-arm policies have low reward-
to-cost ratios, they are “discarded” from the beginning, meaning their single-arm

policies are stopped from the root state of their MDPs. For the arms in set G, since
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their single-arm policies have high reward-to-cost ratios, they are pulled according to
Py(+) with no modifications. For the arm in set G; (if it is not empty), since its single-
arm policy’s reward-to-cost ratio is in-between, the arm is either discarded from the
beginning or pulled with a certain probability. Let u denote the probability that the
arm in Gy is pulled. We define p := ly/ly, where

1 1 .
lOZEZ/Ct+§Z/Ct—x, (2.18)
teGo teGq
1
h=7 > K. (2.19)
teGy

Essentially, given the piecewise linear function curve of F(x) and cutting point z*,
the value of ;1 measures the portion of the arm’s corresponding line segment that is
above the cutting point. See Figure for a detailed illustration.

We call these modified single-arm policies prophet policies, and denote them as
Py(Xt, ¥, -) following the definition of single-arm policies in Section [2.2.3] The feasible
solution x; and y; in ﬁt(it,’yt, -) is modified based on x; and y;, i.e., the optimal

solution to LP. The detailed procedure is described as follows.

Prophet Policy P;(-):
Fix x; = x} and y; = y;.
(a). If t € Gy: define x; = 0;
define 7" = 0 for all state u in S\ {p}, and ¥ = 1.
(b). If t € G;: define Xy = p - x4 where u = ly/l; is calculated by
and ;
define 3" = p - y™ for all state u in S\ {p}, and 7’ = 1.
(c). If t € Gy: define X; = x4, and y; = y;.
Return Py (X, ¥+, *)

Given prophet policy ﬁt() = ﬁt(it, Vi, '), let R, and K, denote the expected re-
ward and expected cost of the policy P;(min{ B, D;}) with budget parameter min{ 3, D, }.
By definition (2.10) and (2.11]), we obtain i) K, =0 and R, = 0 for arm ¢ in set Gy,
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ii) K, = w- Ky and R, = p- Ry for arm ¢ in set Gy, iii) K; = K; and R; = R, for arm ¢
in set GG5. With prophet policies, we observe that the cost of the low-rewarding arms
in Gy is reduced to zero, and the total budget is thus reserved for the high-rewarding
arms in G; and G,.

We propose algorithm Prophet that runs prophet policies 75t() with Framework.
The detailed procedure of the algorithm is described as follows.

Prophet
Input: prophet policies 72() for t € [T7;
order I(1),.....I(T) with I(t) =t
Initialization: set B’ = B.
For period ¢t in [1,...,T]:
n 751(t) (min{B’, Dy });
B+ B —n.

Performance Analysis

By Proposition we know it suffices to analyze the worst-case order to show the
performance guarantee of any algorithm that runs a collection of single-arm policies
with Framework. Therefore, in the following analysis, we assume that the time order,
i.e., the fixed order of pulling the T" arms I(t) = ¢, follows the definition of the
worst-case order shown in ([2.14]).

Let ALG be the expected reward of algorithm Prophet. We analyze the perfor-
mance guarantee of algorithm Prophet by establishing the equivalence between the
area under the truncated function curve of F(x) and a lower bound of the ratio
ALG/OPT. More specifically, by Proposition 2.1, we know that the performance
guarantee ALG/OPT for algorithm Prophet is lower-bounded by

1 - = *
> (1 - = Z/C) R,/R". (2.20)
te[T] s<t

Following the discussion of Figure in the worst-case order, this value is lower-

45



bounded by the area under the truncated function curve of F(z), as shown in Figure 2
[, and furthermore, lower-bounded by the total area of a triangle and a rectangle.
Let e; denote the area of the triangle and e; the area of the rectangle. Given

cutting point (z*,y*), where y* = F'(2*), we can calculate e; and ey as follows.

/!

1 —
Triangle: e; = 5(1 — )2 F (2%). (2.21)

Rectangle: ey = x* - (1 — F(z")). (2.22)

We show in Lemma that the sum of e; and ey is lower-bounded by a con-
stant. Based on this result, we provide in Theorem [2.3] the performance guarantee of

algorithm Prophet.

Slope:1 — y*
cutting point
(=*,y")

Figure 2-4: A pictorial explanation of the performance guarantee of algorithm
Prophet.

Lemma 2.2. Given function F(z) as defined in (2.16), cutting point (x*, F(z*)) as

defined in (2.17), and ey and ey as defined in (2.21)) and (2.22)), we have e; + e5 >
V2 — 1.

Theorem 2.3. Given prophet policies ﬁt(-), expected reward ﬁt and expected cost IEt
of the prophet policy ﬁt(min{B, D.}) with budget parameter min{ B, D;} fort € [T,
the expected reward of algorithm Prophet is lower bounded by

3 (1 - %ZE> R,

te[T) s<t
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which is at least /2 — 1 the expected reward of the optimal algorithm. That is,

3 <1—éZI€S> Ro> (Vi-1) 3 R,

te[T) s<t te(T)

Therefore, for algorithm Prophet, we have

ALG > (\/5 . 1) OPT.

2.4 Algorithm for the General Problem

We present in this section our algorithm for the general problem that is stated in
Section where the number of resources N and the number of time periods
T can be any positive integers. In fact, we can decompose the problem into two
dimensions. In the time dimension, for each time period t € [T], given demand size
Dy, we have N arms (-, ) sharing budget D;. In the resource dimension, for each
resource i € [IN], given resource budget B;, we have T arms (4, -) sharing budget B;.
Both dimensions of the problem, as special cases, have been discussed in Section [2.3],
and our development of the algorithm for the general problem is based on integrating
the algorithms for these two special cases with Framework.

The general problem combines the challenges in both dimensions. Due to budget
limit B; and demand size D;, the learning and earning trade-off appears both for each
resource ¢ € [N] and in each time period ¢ € [T]. More importantly, for each i € [V],
the order of pulling arms (i, ¢) has to follow the time order ¢ = 1,...,T. Based on the
discussion in Section 2.3.2] we know that this restrictive order raises extra difficulties
for designing an algorithm with a strong performance guarantee.

To tackle the challenges from both problem dimensions, we divide our algorithm
into two stages and conquer each dimension of the problem separately.

In the first stage, we implement a budget allocation scheme for each resource
by preparing the prophet policies, as discussed in Section Given single-arm
policy P +(+) == Pis(X} 4, ¥is, ), as defined in Section we obtain expected reward
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Rit := R(P;(min{B;, D;})) and expected cost K;; := K(P;+(min{B;, D;})) of the
policy P; (min{B;, D;})) with budget parameter min{B;, D;}), as defined in ([2.10))
and (2.11).

We re-arrange the set of arms (i,-) according to the worst-case order for each
i € [N]. For simplicity, we assume that R;;/K;1 < ... < Rir/K;r. Let Rf :=
> _iepr) Rit- We construct function Fj(x) for each ¢ € [N] as shown in ([2-16), namely,

1 Ris/R: 1
Fi(z) ::§ZRW+ ICiZ/BZ- (x—EZ’Cw) for €

tos<t s<t

1 1
o D Kiv gD K

s<t v s<t

(2.23)

Let F!(z) denote the set of sub-gradients of function F;(-) at value z. Following
condition ([2.17)), we find cutting point (z},y}) with yf := F;(z}) on the function curve
of F;(x), which satisfies

1 - F(a}) € Fl(x}). (2.24)

For each i € [N], the cutting point divides the arms (i,-) into three sets: (i)
the set of low-rewarding arms G;o = {(i,t) : (Ris/Kis) - (Bi/Rf) < Fi(xf)}, where
F'(z}) denote the minimum sub-gradient in set F(x}); (ii) the set of arms on the
cutting point G;1 = {(i,t) : (Ri+/Kis) - (Bi/Rf) =1 — Fy(x})}; (iii) the set of high-
rewarding arms G, o = {(z’,t) t(Rit/Kiy) - (Bi/RY) > F:(ﬁj)} , where F;(xf[) denote
the maximum sub-gradient in set F}(z}).

We obtain prophet policies 73”() via the following modifications.
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Prophet Policy P, (-):
Define p; :=l;0/l;1 where
lip = 5%— Ztegi’o Kit+ 3%- Ztegm Kii — a7,
lig = 5 2ie, Kt
Fix x;y = x}, and y;; = y;,.
(a). If t € G define x;; = 0;
define g}f? = 0 for all state u in S, \ {p}, and @ﬁ) =1.
(b). If t € G, 1: define X;+ = ;- X;4;
define @f? = yz(? for all state u in S}, \ {p}, and @}g) =1

(c). If t € G;9: define X;; = x;4, and ¥, = i

Return P; 4 (Xi s, Yis, *)

The seconds stage of the algorithm takes place after the matching process starts.
Given the division of arms, we know the arms in set G; are discarded from the be-
ginning. In addition, let B;(t) be the remaining budget of resource ¢ at the beginning
of time period t. In each period ¢ € [T, the algorithm only needs to consider pulling

the set of active arms (Qy,t), where Q, is given by
t = {Z | Bz(t) >0andt e Gi,l U G@Q} . (225)

Since we can freely choose the order of pulling the arms (-, ¢) in each time period t €
[T], we can implement algorithm Greedy, as defined in Section , to run the prophet
policies of the arms in (Qy,t) with Framework. More importantly, in determining
the greedy order of running these policies, we need to consider the updated budget
parameter min{ B;(t), D;}. Given arm (i,t), let R}, and K}, be the expected reward
and expected cost of the prophet policy P;,(min{B;(t), D,})) with budget parameter
min{ B;(t), D;}. We have

R, =R (ﬁi,t(mm{B,-(t), Dt})> KL =K (ﬁ,t(min{Bi(t), Dt})> . (2.26)

We refer to our two-stage algorithm as TS-Prophet, and present its detailed pro-
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cedure as follows.

TS-Prophet

Input: prophet policies ﬁzt()

Initialization: set B;(1) +— B; for i € [N].

For period ¢ in [1,...,T]:

1. find the set of active arms (Qy, ) as defined in (2.28)); set Q; < |Ql;

2. calculate expected reward ﬁ;t and expected cost fc’;t as defined in (2.26));
3. specify the order I(1),...,1(Q;) of pulling the @); arms such that

/ S/
Riwe o 5 Rigos

K@

> (2.27)
(1)t
For kin [1,...,Qy):
D' < Dy;
n < Progy (min{ By (1), D'});
Bign(t +1) = By (t) — n;
D'« D —n.

Performance analysis. The performance analysis of algorithm TS-Prophet can
also be decomposed into two dimensions.

Let ALG(t) be the expected reward of TS-Prophet in each time period t € [T']. We
learn from Section that by using the greedy approach, the value of ALG(?) is at
least 1/2 of the total expected reward of the prophet policies ﬁi,t(min{Bi(t), D,}) for

1 € Q;, namely,

1 S/
ALG(t) > - g R, (2.28)

Additionally, for each resource ¢ € [N], we learn from Section that by running

the prophet policies ﬁlt() with Framework, the algorithm obtains the performance
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guarantee

DRz (V2-1) ) Ri (2.29)

te[T] te(T)

By integrating the results (2.28) and (2.29)), we show in Theorem [2.4] that algo-

rithm TS-Prophet can obtain a strong performance guarantee in terms of the ratio
ALG/OPT, which is at least
(V2-1)/2~0.21.

The detailed proof of the theorem is provided in the Appendix.

Theorem 2.4. The expected reward of algorithm TS-Prophet is at least (v/2 —1)/2
the expected reward of the optimal algorithm. That is, for algorithm TS-Prophet, we

have

S\LP(; > %(x/ﬁ— 1). (2.30)

2.5 Numerical Experiments

In this section, we present the results of our numerical experiments to verify the per-
formance guarantee of algorithm TS-Prophet, as shown in Theorem [2.4] In addition,
we compare the performance of algorithm TS-Prophet with another two algorithms:

the benchmark algorithm Benchmark and the randomized algorithm Random.

2.5.1 Alternative algorithms

Algorithms Benchmark and Random both have a two-stage structure similar to algo-
rithm TS-Prophet. When the matching process starts, all these algorithms run the
(modified) single-arm policies with Framework using the greedy approach.

The difference of the algorithms lies in the preparation stage. Specifically, algo-
rithm Benchmark makes no modifications of the single-arm policy P; ;(-) that is based

on the optimal solution to LP. Based on our discussion in Section [2.3.1] in the worst-
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case order, the algorithm would use most of the budget pulling the less rewarding

arms, and thus the algorithm can hardly obtain a strong performance guarantee.
Algorithm Random implements the randomized policy that runs single-arm policy

P;.+(+) with probability 1/2 and discards the policy, otherwise. The formal definition

of the randomized policy is provided as follows.

Randomized Policy P;,(-):
Fix x;+ = x;kyt and y;; = y;"t.
Define X;; = % Xt
Define @ﬁ) =3 y-(j“;) for all state u in S, \ {p}, and @j’;) =1.

)

Return P; +(X; ¢, Vi, *)

By using these randomized policies, Random uniformly reduces the expected costs
of all the single-arm policies by 1/2, and hence achieves balanced budget allocations.
Compared to Benchmark, in the worst-case order, this balanced allocation increases
the probability of the high-rewarding arms being pulled, and therefore, Random can
obtain a good performance guarantee. (Guha Munagala/ (2013) have shown that in the
case of N = 1, the expected reward of Random is at least 1/4 the expected reward of
the optimal policy. Using similar analysis techniques as in TS-Prophet, we can easily
generalize this result to the case where N can be any positive integer, and show that

the expected reward of Random is at least 1/8 the expected reward of the optimal

policy.

2.5.2 Experiment setup

The setting of our numerical experiments involves the following parameters: the
number of resources N, the number of time periods T, budget B; for resource i,
group size D, for time period ¢, and the prior probability distribution 6;, of reward
pit, for all i € [N] and ¢ € [T].

To test the performance of the algorithms in different settings, we first fix the

values of N, T', B, and then change the value of D to different scales. In addition,

52



we compare two settings of prior distributions. In the first setting, for each ¢ € [N],
the prior distributions 6;; for ¢ € [T] have similar mean values. In the second setting,
for each i € [N], the mean value of 6, spikes at t = 7. This setting simulates the
scenario for the worst-case order, as described in Proposition [2.2]

More specifically, we set N =5, T = 6, B; = 20 for all i € [N], D; = 10, 30,50
for all t € [T], respectively. We use Beta(a,b) as the prior distributions whose mean
values are given by a/(a + b). In the first setting, i.e., Setting 1, for all ¢ € [N] and
t € [T], we set a = b = 100 4 rand(1 : 5), where rand(1 : 5) generates a random
number from {1,2,....,5}. In the second setting, i.e., Setting 2, for ¢ € [N] and
te[T—1], weset a=1+rand(1:5), b= 100+ rand(1:5); fori € [N] and t =T,
we set @ = 1000 + rand(1 : 5), b = 100 + rand(1 : 5).

In each experiment setting, we calculate an algorithm’s reward by repeatedly
running the algorithm multiple times and then averaging the rewards from all these
runs. Specifically, after setting up the parameters, we solve the linear program to
obtain the optimal solution and the corresponding single-arm policies. Next, during
each run, we first draw values of p;; from their prior distributions, and then run the
algorithms TS-Prophet, Benchmark, Random to obtain each algorithm’s corresponding
reward. We repeat this process a total of 10,000 times, and calculate the average of

each algorithm’s rewards in all these runs.

2.5.3 Experiment results and analysis

We report the ratio between an algorithm’s average reward and the optimal value of
the linear program as the algorithm’s performance. The results of different algorithms’

performances in different settings are presented in Table 2.1 and Table [2.2]

Table 2.1: Comparison of algorithms under Setting 1

Demand
10*ones(T) 30*ones(T) 50%ones(T)
Benchmark 0.79 0.75 0.77
Random 0.45 0.43 0.44
TS-Prophet 0.78 0.75 0.77
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Table 2.2: Comparison of algorithms under Setting 2

Demand
10*ones(T) 30*ones(T) 50%*ones(T)
Benchmark 0.84 0.66 0.78
Random 0.45 0.40 0.44
TS-Prophet 0.80 0.77 0.86

First of all, we observe from the numerical results that the performance guarantees
of algorithms Random and TS-Prophet are verified: Random can always obtain a ratio
of at least 1/8, and TS-Prophet a ratio of at least (v/2 —1)/2 ~ 0.21. The ratios
shown in these numerical results are much higher than the corresponding theoretical
lower bounds, since the lower bounds present the performance guarantees in the worst
cases.

Second, we observe that Benchmark and TS-Prophet outperform Random in all
test settings. To explain this observation, we notice from the design of Random that
the algorithm uniformly reduces the expected costs and expected rewards by 1/2 of
all the single-arm policies. Although this uniformly randomized approach provides a
balanced budget allocation scheme and a worst-case performance guarantee, it loses a
large portion of the reward, and therefore results in the algorithm’s poor performance
in practice.

Last, we observe that algorithms Benchmark and TS-Prophet have comparable
performances in Setting 1, while in Setting 2, TS-Prophet outperforms Benchmark. In
fact, in Setting 1, since all the arms have similar reward levels, the budget allocation
schemes of both algorithms work similarly. However, in the Setting 2, since the
rewards of the arms in the last time period are much higher than those of the rest of
the arms, the difference between the two algorithms becomes significant. Specifically,
Benchmark does not reserve the budget for the high-rewarding arms in the last period,
while TS-Prophet does, and such a difference contributes to the superior performance
of TS-Prophet.

The results in Table to Table further break down an algorithm’s per-

formance by presenting the average numbers of pulls from different sets of arms.
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Specifically, for Setting 1, Table shows the number of pulls in each time period,
namely, from arms (-, ), and Table shows the number of pulls from each resource,
namely, from arms (7, -). Similarly, for Setting 2, Table [2.5{ shows the number of pulls
in each time period and Table [2.6] shows the number of pulls from each resource. The
results in these tables are from the setting where D; = 50 for all ¢t € [T, and hence

the budgets are tight relative to the sizes of demand groups.

In Setting 1, we observe that algorithm Random has the least number of pulls on
average. The algorithm only makes a few pulls (i.e., rejects a large percentage of the
users) in each time period, as shown in Table , and only uses a small fraction of
each resource’s budget, as shown in Table [2.4] Since all the arms have similar reward
levels, this inefficient use of the limited number of pulls explains the algorithm’s bad
performance, as shown in Table On the other hand, algorithms Benchmark and
TS-Prophet both use around 75% of the total budget Ziem B; = 100 on average, so

these algorithms perform better than Random.

In Setting 2, we observe that algorithms Random and TS-Prophet both use a small
fraction of the total budget on average. The difference, as shown in Table is
that TS-Prophet makes fewer pulls in the first 7' — 1 time periods in order to save the
budget for the last period, while algorithm Random uniformly reduces the number of
pulls in all time periods. Since the arms in the last period are much more rewarding,
TS-Prophet obtains a better performance than Random. In addition, we observe that
algorithm Benchmark has the highest number of pulls on average. However, most of
these pulls are from the less rewarding arms in the first 7' — 1 periods. According to
Table 2.5, Benchmark uses fewer pulls in the last period than algorithm TS-Prophet,
and this explains the performance gap between Benchmark and TS-Prophet, as shown

in Table 2.2

We can further understand the performance comparison between TS-Prophet and
Benchmark by visualizing the process of finding the cutting points in TS-Prophet.
Figure and Figure present the function curves of Fj(x) for all i € [N] in the

two settings of prior distributions.

In Setting 1, as shown in Figure [2-5] since all arms have similar reward levels, the
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Table 2.3: Average number of pulls from each period in Setting 1

Time period ¢
1 2 3 4 5 6 Total

Benchmark 10.086 26.053 5.099 14.882 9.450 9.377 74.947
Random 4971 13.795 2.768 9.302 6.253 6.774 43.863
TS-Prophet 10.173 26.029 5.087 14.771 9.412 9.350 74.821

Table 2.4: Average number of pulls from each resource in Setting 1

Resource ¢
1 2 3 4 5 Total

Benchmark 14.789 14.637 15.841 14.935 14.746 74.947
Random 8.608 8.746 9.034 8820 8.656 43.863
TS-Prophet 14.695 14.581 15.909 14.928 14.708 74.821

line segments in each function curve F;(x) have similar slopes, which is approximately
1. In such cases, the cutting points, as defined by condition , are close to the
origin, and all arms will be divided into the high-rewarding set. In addition, the
prophet policies 75”() are very similar to the original single-arm policies P;(-), and
therefore TS-Prophet and Benchmark have comparable performances.

In Setting 2, as shown in Figure , the slopes of the line segments in F;(x)
demonstrate significant differences. This is due to the high rewards of arms (-,T)
and the associated high reward-to-cost ratios of single-arm policies P; r(-) for i € [N].
Specifically in this case, for resource ¢ = 2, 3, 5, the corresponding cutting points sep-
arate the arms into sets with significantly different reward levels, i.e., a low-rewarding
set and a high-rewarding set. Based on such separation and the associated modifica-
tions of the single-arm policies, the judicious budget allocation scheme in algorithm
TS-Prophet can reserve the budget for the high-rewarding arms. This explains the
differences in the number of pulls, as shown in Table and also, the outstanding
performance of algorithm TS-Prophet, as shown in Table [2.2]
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Table 2.5: Average number of pulls from each time period in Setting 2

Time period ¢
1 2 3 4 5) 6 Total

Benchmark 10.393 20.362 0.000 8.221 5.058 37.106 81.141
Random 5.222 10.619 0.000 4.117 2.936 21.750 44.644
TS-Prophet 0.016 0.013 0.000 0.003 0.000 44.337 44.369

Table 2.6: Average number of pulls from each resource in Setting 2

Resource 7
1 2 3 4 5 Total

Benchmark 15.374 19.424 15.155 15.349 15.839 81.141
Random 8.733 9.683 8577 8780 8871 44.644
TS-Prophet 6.919 14.992 3.980 9.127  9.350 44.369

! s L L L
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X

Figure 2-5: Function curves of Fj(z) for i € [N] in Setting 1

h ' L ' L
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X

Figure 2-6: Function curves of Fj(x) for i € [N] in Setting 2

57






Chapter 3

Online Learning and Optimization for

Add-on Discounts

3.1 Introduction

The video game industry has been growing fast and steadily in the past two decades.
According to reports, in 2018, the U.S. video game industry matches that of the U.S.
film industry on basis of revenue, making around 43 billion USD, and according to
research by market analysts Newzoo, in 2018, the global games market value across
all platforms is around 135 billion USD. The huge growth potential of the video game
industry is also shown by the rapid sales increase during the coronavirus (COVID-19)
pandemic. According to the weekly sales data from GSD, 4.3 million games are sold
globally during the week of March 16, 2020, which amounts to a rise of 63% over the
week prior.

Major platforms for video games include PCs, mobile phones, video game consoles
and virtual reality (VR) headsets. Unlike PCs and mobile phones, video game consoles
and VR headsets mainly support game functions. A unique structure for purchasing
games for these devices is that customers have to first commit to the hardware,
which is usually expensive, and then purchase the games, which are cheaper but
include a large number of selections. For retailers, this unique structure motivates a

creative add-on discount strategy for sales promotion, where a retailer offers customers
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discounts on a number of selected games after the customer makes a purchase of
a video game console or a virtual reality headset. Figure shows an example
of this strategy from Gamestop Corp., a major game retailer in the U.S. In this
example, customers enjoy discounts on certain types of games if they purchase the

games together with a game console.

STAR WARS Battlefront ?
Electronic Arts T T

i Kk 2.9 (323)  write a review

50% off Pre-Owned Games $9.99 and under with any
console purchase! Cannot be combined with any other
offer.

PRE-OWNED
$2.99

Figure 3-1: Add-on discount example from Gamestop Corp, retrieved on 2019-08-18.

The add-on discount strategy is different from product bundling. With add-on
discounts, customers can make free selections from the offered set of add-on prod-
ucts, while with product bundling, customers can select only from fixed bundles of
products. Moreover, although retailers can offer every possible product combination
with add-on selection as a product bundle and decide each bundle’s price individually,
such a strategy is not efficient in practice, and more importantly, might cause price
inconsistencies. Figure [3-2| shows an example of price inconsistency. In this example,
consider a customer who wants to buy a game console, an extra controller and a
certain game. If the customer chooses combination 1, which contains a game and a
console-controller bundle, the final price would be $335.87. However, if the customer
chooses combination 2, which contains a controller and a console-game bundle, the
final price would be $281.98. This significant price difference for the same selection
of products results in an inconsistent environment, which not only creates bad shop-

ping experience for customers, but also financially damages the retailer’s business in
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the long run. In contrast, for the add-on discount strategy, price inconsistency does
not exist because the final price always equals the sum of the prices of the selected

products, and is thus independent from the way the products are combined.

Shopping Cart

Price

Xbox One S Two Controller Bundle (1TB) Includes Xbox One S, 2 Wireless Controllers by Microsoft $275.99
Video Game
n Stock

prime

This s a gift Learn more

Qty: 1v| | Delete | Saveforlater ~ Compare with similar items

Battlefield V - Xbox One [Digital Code] $59.88

In Stock

20 Digital Services LLC
ilable. Learn more

Qty: 1v| | Delete | Saveforlater  Compare with similar items

Subtotal (2 items): $335.87

(a) Combination 1.

Shopping Cart

Price

Xbox Wireless Controller - White by Microsoft $42.99

ideo Game

Xbox One S 1Th Console - Battlefield V Bundle by Microsoft $238.99

B s

prime
Thisis a gift Learn more

ol (oo 1v) | Delete | Sovefortater | Comparevith imiarems

Lse—

Subtotal (2 items): $281.98

(b) Combination 2.
Figure 3-2: Example of price inconsistency for the same selection of products. Re-
trieved on 2019-10-23 from Amazon.com.

The add-on discount structure exploits the complementary effects between prod-
ucts, and thus adds new dimensions to the traditional pricing problem. Specifically,
in addition to deciding the original prices of different products, retailers now also need
to the decide the selection of add-on products, as well as their add-on discounts. From
the basic principle of optimization, we know that adding new dimensions enlarges the
feasible region of a problem, and hence leads to better decisions. Therefore, by using
the add-on discount strategy, a retailer can expect a higher revenue than using the
same pricing strategy with no add-on discounts.

Regardless of the advantages of the add-on discount strategy, retailers may be
hesitant to implement the strategy in practice due to the following challenges. One

of the challenges is to limit the number of add-on discounts. For example, when
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retailers show discount offers via pop-up messages on the customer’s checkout page,
there is usually a space limit on the total number of displayed offers. In addition,
if a retailer offers too many add-on discounts, other retailers might take this as an
arbitrage opportunity by purchasing the products with discounts and selling them
elsewhere at the original prices. In these cases, retailers need to take space constraints
into account, and the constraint increases the complexity of the problem. Another
challenge that might hold retailers back is the lack of past experience or historical
data. In the scenario where retailers have no knowledge of the demand information,
blindly offering discounts with the add-on structure would harm the total revenue.
Hence retailers need to implement a learning algorithm together with the add-on
discount strategy to learn the unknown parameters on the fly, and such design of the

learning algorithm also increases the complexity of the problem.

Our Contributions. In this paper, we study the revenue management problem with
add-on discounts. To the best of our knowledge, this is the first paper that formally
studies this problem. In particular, we consider a joint learning and optimization
problem, where the retailer does not know the demand functions of different products
a priori, and has to learn the information on the fly based on real-time observations of
customers’ purchases. Our formulation of the problem incorporates both the primary
demand for products at their original prices and the add-on purchases for products
with selected discounts. We also consider a space limit constraint on the total number
of add-on discount offers.

Our contributions in this paper can be summarized as follows.

We formulate the revenue management problem with add-on discounts as an op-
timization problem with mixed binary decision variables. In the offline setting where
the retailer has access to all the demand information, we develop an approximation
algorithm that can solve the problem to any desired accuracy. We also show that the
algorithm is a Fully Polynomial-Time Approximation Scheme (FPTAS).

In the online setting where the retailer has no knowledge of the demand informa-
tion, we develop an efficient UCB-based learning algorithm that uses FPTAS opti-

mization algorithm as a subroutine. We show that the learning algorithm outputs a
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policy that converges to the offline optimal policy with a fast rate. We also show that
the convergence rate is tight up to a certain logarithmic term.

We conduct numerical experiments based on the real-world transaction data we
collect from Tmall.com. Based on our numerical results, we observe that our UCB-
based learning algorithm has a robust performance and fast convergence rate in var-
ious test scenarios. In addition, we observe that the learning algorithm can quickly
outperform the optimal policy that does not use add-on discounts. These observa-
tions illustrate the efficiency of our learning algorithm, as well as the advantages of

using the add-on discount strategy in practice.

3.1.1 Literature Review

To the best of our knowledge, the add-on discount strategy has not been formally
studied in the the Operations Management (OM) literature, despite the fact that the
strategy has been a common practice in the video game industry. |(Chen et al.| (2019c])
study a similar but different model. In that paper, the authors’ focus is to figure
out what products to recommend to a customer at the checkout stage, given the
customer’s primary purchase and each product’s remaining inventory. We highlight
the difference between that paper and our paper as follows: (1) In|Chen et al.[(2019¢),
the focus is on the checkout stage, and they assume that customers’ primary purchases
are exogenous and not affected by the decision-maker. In contrast, in our model, the
retailer controls both the primary purchase and the add-on purchase. (2) In their
model, they assumed that when making the add-on recommendation for a certain
products, there are two possible strategies: one is at the original price, and the other
one is at a certain pre-determined discount price. In our model, we are not restricted
to two alternatives. (3) In their model, they consider a fixed starting inventory. In
our model, we do not include inventory. (4) From the methodology perspective, they
focus on a competitive ratio analysis, and we consider the regret minimization.

Our work is also related to different areas of the literature: assortment planning,
product bundling, multi-armed bandit problems and UCB algorithms. Due to space

limitation, we do not provide an exhaustive review of the literature and only provide
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a brief literature review as follows.

Assortment Planning. The assortment planning problem models a customer’s
choice over a set of different products and focuses on finding the profit-maximizing
assortment subject to various resource and capacity constraints. The problem has

been studied extensively in the revenue management literature. In particular, in

the offline setting where the underlying choice models are known, Talluri Van Ryzin|
(2004)) propose an efficient algorithm for the single-resource assortment problem.
lego et al| (2004), Liu Van Ryzin| (2008), and Zhang Adelman| (2009)) then extend

the choice-based models to network revenue management problems. Other works that
study assortment algorithms under cardinality constraints, personalized decisions and
various choice models can also be found in Kok et al.| (2008), Davis et al. (2013), Gol-
rezael et al. (2014)), Cheung Simchi-Levi (2016), Feldman Topaloglu| (2017) and the

references therein.

Recent research on assortment planning problems also focuses on the online set-
ting where the parameters of the underlying choice models, such as multinomial logit
(MNL), are not known and need to be learned online. In this line of work,
mevichientong et al. (2010)), |Agrawal et al.| (2016a)), Agrawal et al| (2017), Agrawall
(2019), and [Miao Chao| (2017)) study the problem where every customer follows
the same choice model; Kallus Udell| (2016)), Cheung Simchi-Levi (2017h), Bernstein|
et al.| (2018)), Miao et al| (2019), and Miao Chao| (2019) study the problem where

each customer follows a personalized choice model.

Different from the assortment planning problems that mainly focus on how cus-
tomers select one product from a set of alternatives, our model emphasizes customers’
add-on purchase dynamics.

Product Bundling. Both the add-on discount strategy and the bundling strat-
egy are motivated by the complementary effects between products. There exist vari-
ous product bundling strategies in the literature, such as pure bundling in which the

retailer sells different products in a comprehensive bundle for a fixed price (Bakos

Brynjolfsson| (1999)), mixed bundling in which the retailer offers all possible product

bundles alongside individual products (Chu et al.| (2011a))), and customized bundling
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in which the retailer allows the customer to choose a certain quantity of products from
a large pool of products for a fixed price (Hitt Chen (2005) and [Wu et al.| (2008)).
We refer the readers to some recent papers (Ma Simchi-Levi (2015), |Abdallah et al.
(2017) and |Abdallah) (2019)) for a more in-depth review of the bundling literature.

As mentioned in the example in Figure 2, add-on discounts and bundling are
different. The add-on discount strategy facilitates the customer’s decision process,
because with add-on discounts, the final price is only dependent on the set of products

to purchase, not on how the bundles are formed.

Multi-Armed Bandit (M AB) problems and UCB algorithms. The multi-
armed bandit problem is a useful tool to study sequential decision-making problems
under unknown rewards, and there exist a large number of papers studying this
problem in the online learning literature. For a comprehensive review of the classic
MAB algorithms and their performance analysis, see Bubeck et al. (2012)) and Slivkins
(2019).

One of the classic multi-armed bandit models is the stochastic bandit, where the
reward for pulling each arm is assumed to be i.i.d. drawn from an unknown probability
distribution. In the seminal paper Auer et al.|(2002)), the authors provide an algorithm
that keeps updating the estimation of upper confidence bound (UCB) of each arm’s
mean reward, and show that such an algorithm can obtain an accumulative regret of
O(v/TlogT) in T rounds. The UCB-type algorithm is widely used in various bandit
settings, such as linear bandits (Rusmevichientong Tsitsiklis| (2010), Abbasi-Yadkori
et al.| (2011)), Chu et al.|(2011b)), combinatorial bandits (Cesa-Bianchi Lugosi (2012)),
Jin et al. (2019)), and bandits with resource constraints (Badanidiyuru et al.| (2013),
Agrawal Devanur| (2016)).

In the OM literature, recent research papers have also been focusing on problems
under uncertain environments and applying bandit algorithms or other learning algo-
rithms to tackle the exploration-exploitation tradeoffs in learning tasks. This includes
dynamic pricing problems (Besbes Zeevi (2009), Besbes Zeevi (2012), [Wang et al.
(2014), Besbes Zeevi (2015)), Ferreira et al. (2018)), (Gao et al.| (2018))) and inventory
control problems with unknown demand distributions (Zhang et al. (2017)), Zhang
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et al.| (2019)), |Chen et al.| (2019a), Yuan et al. (2019))), assortment optimization prob-
lems with unknown purchase probabilities (Cheung Simchi-Levi (2017a)), Agrawal
et al.| (2019))), online matching and resource allocation problems with unknown re-

ward distributions (Cheung et al.| (2018)).

3.2 Model

We present in this section the formulation of the revenue management problem with
add-on discounts.

Consider a retailer managing two types of products: core products (e.g., different
variants of a video game console from the same brand) and supportive products (e.g.,
video games for the same brand of video game consoles). Let N denote the number
of core products, indexed by {1,..., N}, and M the number of supportive products,
indexed by {1,..., N}. For each core product n =1,..., N, we assume that its price
P, is selected from set Q. := {q}, ¢, ..., qg(c)}, and for each supportive product, m =
1,..., M, we assume that its price py.i., is selected from set 0, := {q}, ¢, ..., qg(s)}.
Let the binary variable Ini,, € {0,1} with m = 1,..., M denote whether or not we
offer an add-on discount for supportive product m. Denote the add-on discount price
for product m as py.,,, and we assume p'y_, is selected from €, := {d, ¢, ..., qg(a)}.
In addition, as we discuss in Section the retailer cannot offer too many add-on
discounts. Thus, we consider in our model an additional space constraint that limits
the total number of add-on discounts to be within S, i.e., 2%:1 Inym < S.

On the demand side, there exist two types of purchases, differentiated by whether
or not a customer has already owned a core product before they arrive at the retailer’s
online store. Since we consider the core product as a prerequisite for using supportive
products (e.g., video game console for video games), we assume that customers will
not consider purchasing any supportive product without owning or purchasing a core
product first. This condition results in two types of purchases: A) purchases from
customers that do not own a core product, and B) purchases from customers that have

already owned a core product. For type A purchases, customers will first purchase
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a core product, and then they may or may not continue to purchase supportive
products with or without add-on discounts. For type B purchases, customers will
only consider purchasing supportive products without any add-on discounts. The
purchase dynamics are further illustrated in Figure [3-3] In addition, we partition the
purchases into two categories: primary demand and add-on purchase, as indicated by

the colors of the arrows in the figure.

Core 1

Type A

Core 2 —— With or without add-on discount |

q
q
q

q Supportive
1
q Supportive
2 A4

4

Primary demand

interested in this product | Supportive
= i Tes =D 3 <
Add-on purchase | ) (SUPPROIVE

Figure 3-3: Illustration of a customer’s purchase dynamics.

The entire selling horizon is divided into discrete time periods. We assume that
each time period is short enough so that the primary demand for each core and each
supportive product is a Bernoulli random variable. In particular, we use o, (p,) to
denote the primary demand for core product n = 1,..., N, and ayim(pnim) the
primary demand for supportive product m =1,..., M.

The add-on purchase category involves purchases both with and without discounts,
depending on if we are offering add-on discount for each product, and we differentiate

them as follows.

o Let By, (Py1m) be the probability that a customer continues to purchase prod-
uct N + m under discount price p/y_,,, after she purchases one core product.

o Let Bnim(pNim) be the probability that a customer continues to purchase prod-
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uct N + m under original price py.y,, , after she purchases one core product.
We also assume that all demand parameters are independent across different prod-
ucts. We will discuss these model assumptions in detail in Section [3.5]
Let R denote the expected revenue per time period (each time period is identical).
Given the retailer’s goal of maximizing the total expected revenue, we can formulate

the revenue management problem as:

N M
m/ax R = E Oén<pn>pn + § aN+m(pN+m)pN+m
pnva+m:pN+m:IN+m n—1 m—1

[ N M
+ Zan(pn) : Z [INer : 5;V+m(pif\7+m) plN-‘rm]
Ln=1 i

3
I

+ Z an(pn) ’

M
s.t. Z ]N+m S S,
m=1

[(1 - ]N+m) : 6N+m<pN+m) : pN+m]

NE

3
1§

p§v+m < pNim form=1,... M,
pn € Q. forn=1,... N,
PN+m € Qsy Pyim € Qay Ingm € {0,1} for m=1,..., M.
(3.1)
In this optimization problem, the set of decisions include: the original price for
each core product, the original and add-on discount price for each supportive product,
and the binary indicator on whether or not to select each supportive product for add-
on discount. The first term in R corresponds to the primary demand for core products,
and the second term corresponds to the primary demand for supportive products. The
third and fourth terms correspond to the add-on purchases for supportive products
with and without add-on discounts, respectively. The first constraint sets the space
constraint (upper bound) on the total number of add-on discounts. The second
constraint requires that the discount price is less than the original price.
We observe from the formulation that the optimization problem is difficult to

solve because the problem contains 1) discrete decision variables and 2) products of
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decision variables. In addition, the total number of feasible solutions is exponentially
large, which makes the enumeration method intractable. Therefore, instead of finding
the exact optimal solution, we propose in this paper an approximation algorithm that
can solve the problem to any desired accuracy. We also show that the algorithm is
an FPTAS, which means the running time of the algorithm is polynomial in both the
problem size and the approximation error.

The optimization problem provides solutions to the revenue management problem
in the offline setting where the demand functions a,(-), anim(:), Bvtm(-) and By, (+)
are known. However, in practice, this information may not be available to the retailer
due to the lack of historical transaction data, and the retailer then needs to learn the
parameters online. In the following sections, we first present our solution to the offline
optimization problem in Section [3.3] Then in Section [3.4] we propose a UCB-based
learning algorithm that uses the offline optimization algorithm as a subroutine to

solve the problem in the online setting.

3.3 Optimization Subroutine

In this section, we propose an approximation algorithm that can solve the offline
optimization problem to any desired accuracy, and show that the algorithm is
an FPTAS.

As discussed in Section [3.2] the optimization problem is challenging due to the
existence of discrete decision variables and products of decision variables. To resolve
these challenges, we reformulate the original problem into two parts that separate the
purchase of core products and the purchase of supportive products. We refer to these
two problems as the master problem and the subproblem, respectively.

In the decomposed formulation, we replace the term 27]:7:1 an(pn) with 7, which
represents the demand of core products per period. In addition, we introduce function
Rs(y) to denote the optimal revenue from the purchase of supportive products, which
includes primary demand ayin(-), add-on purchase Syim(-) and By, (), when the

demand for the core products is 7.
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N
Master problem. max R = Z  (Pn)Pn + Rs(7)

Pn ra
N
3.2
st Y au(p) =7 (3.2)
n=1
Pn € Qe
Subproblem. R () := s
M
max Nt - i
pN+m’pl]V+m7IN+m 7nzl N+ (pN+ )p]\[+

M
m=1

NE

+7- [(1 —Inym) - BN—&-m(pN-i-m) 'pN+m] (3'4)

3
Il

M
s.t. Z IN+m S S,
m=1

PNim < Dyam form=1,.... M

PN+m € Qs Pyim € Qay Ingm € {0,1} for m=1,..., M.

The decomposed formulation does not provide a tractable solution directly: in
order to solve the problem, we need to determine the value of v, which can take
exponentially many values within [0, N]. Nevertheless, since 7 is bounded, we can
adopt a discretization approach that solves the problem for only a set of discrete
points in [0, N]. In the following, we first show in Lemma that function R(7)
is Lipschitz continuous. Then building on this lemma, we develop an approximation
algorithm using the discretization approach to solve the master problem.

The high-level intuition for function R,()’s Lipschitz continuity is based on the
observation that parameter + appears in the objective function of the subproblem.
Thus, when the value of v changes locally, the value of R4(7y) should not change too

much.
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Lemma 3.1. The function Rs(7), as defined in (3.3)), is Lipschitz continuous in

v > 0 with parameter M - p, where p is the highest price among all the products,

namely, p 1= maxpyeq,uQ, P-

Lemma implies that we can approximate the value of R4(y) with a guaranteed
accuracy. More importantly, this result motivates an approximation scheme where we
only need to evaluate the value of R,(7y) for a set of discrete points in [0, N], instead
of for all possible v values.

Based on the approximation scheme, we can develop the solutions to the sub-
problem and the master problem separately. Specifically, for the subproblem, we can
formulate it as a selection problem and solve it using a greedy approach. For the mas-
ter problem, we can formulate it as a N-stage dynamic program, with approximations
between stages, and solve it using backward induction.

We formally describe the detailed procedures of our algorithm in Algorithm [2]
Then we show in Lemma that Algorithm [2| has a polynomial runtime. Next, in
Lemma (3.3 we show that Algorithm [2] has a bounded approximation error. Building
on the results of these two lemmas, we show in Theorem [3.1] that Algorithm [2]is an
FPTAS.

Lemma 3.2. Algorithm@ has a runtime of complexity O(C* - K), where
C :=max(M, N,|Q.]|, %], |Q])-

Proof. Consider the algorithm’s runtime in the Big-O complexity. In Part 1 of
Algorithm , step b) takes the longest runtime. Specifically, in step b), we enu-
merate M - N - K cases in total, and solve each case by enumerating all possible
pairs of pyim and py.,, such that pyim > Pyy,,. The runtime for step b) is thus
O(M-N-K-|Q-]|%]) <O(C*-K), and this also gives the runtime complexity
of Part 1. In Part 2 of Algorithm [} the total number of states is O (C?- K). In
addition, for each state, we check the optimality equation once, which has runtime
O (C). The runtime complexity for Part 2 is thus O (C? - K). Combining the two

parts, we obtain the algorithm’s total runtime complexity O (C* - K).
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Algorithm 1 FPTAS optimization subroutine for the offline optimization problem:
Algorithm input:

- Qa Qs; Qm
— ap(py) forall p, € Q.andn=1,..., N,
— anim(PNim) for all pyyym € Qgand m=1,..., M
— BN im D) for all py.,, € Qgand m=1,..., M,
— Bnim(DNim) for all pyi, € Qsand m=1,..., M
— Integer constant K.

Part 1: Solve supportive revenue part separately.

a) Forallm=1,..., M, andfy:O,%,%,...,N—Ig{,solve

max aN+m(pN+m)pN+m + 76N+m(pN+m)pN+ma
pN+m€Qs

and denote the optimal objective value as 7y, (7).

b) Form=1,...,M,and vy =0, +, 2,..., & solve

/ / /
, max AN+ (PN+m)PN+m + VBN 4m (DN ) PN -4
pN+m€QS7pN+m€Qasz+m<pN+m

and denote the optimal objective value as iy, (7).

c) Fory=0,1/K,2/K,..., N, sort the values of ry,.(v) — 7nm(7) into an
array in the descending order. Set Inim(v) = 1, if iy (1) — "gm(7)
is positive and in the first S entries of the array of sorted values. Set
Inym(y) = 0, otherwise.

d) Forv=0,1/K,2/K,... N, let

Rs(v) = [TN+m + Inym(7) - [7”§v+m(’7) - 7“N+m(’Y)H .

m=1
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Algorithm 2 FPTAS optimization subroutine for the offline optimization problem:
Part 2: Combining the revenue of core products and supportive products using
dynamic programming.

a) Initialization: Forn =1,... N and p, € €, let &,(p,) be a,(p,) rounded
to the nearest integer multiple of 1/K.

b) State: (n,v). Action: p, in every state (n, ).

c) Value function: V,(7) is defined as the maximum revenue to be earned
from all the products (both core and supportive) excluding product 1 to
n — 1, when the total (approximate) demand for the first n — 1 products
are 7.

d) Optimality equation: V,(v) = max,, cq. [n(Pn) - Pn + Var1 (v + &n(pn))] -
e) Boundary condition: Vyy1(7v) = Rs(7), for ally =0,1/K,2/K, ..., N.

f) The above DP can be solved efficiently using backward induction, the
optimal decisions can be retrieved along the optimality equations, and
V1(0) is the approximate optimal total revenue.

Lemma 3.3. The approzimation error of Algorithm |2 is upper-bounded by

PMN
K Y

where p is the highest price among all the products.

Theorem 3.1. Suppose V(OPT) > v*. For any problem instance and an € > 0,
Algorithm |2 can output an (1 — g)-optimal policy, with running time polynomial in
both the problem size and 1/e, with parameter

K:PMN-‘.

v* €

In other words, Algorithm[g is an FPTAS.

Proof. By Lemma [3.3, we know that the approximation error of Algorithm [2] is

bounded by ’%. Given the value of K, we have

~

V(OPT) - v(ALG) < MY

<-ev*. < - V(OPT).

Therefore, the algorithm is (1 — €)-optimal. By Lemma , we also know that the
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algorithm’s runtime is polynomial in both the problem size and 1/e. Therefore,

Algorithm [2]is an FPTAS.

3.4 Learning Algorithm and Regret Analysis

We consider in this section the revenue management problem in the online setting
where the demand functions a,,(-), anim(-), Bnim(-) and By, (-) are not known a
priori. In this setting, the retailer needs to determine the prices of different products
and the selection of products with add-on discounts, while conducting price experi-
ments and learning the demand information on the fly. More importantly, with the
goal of maximizing the total revenue over T selling periods, the retailer faces the
classic learning (exploration) and earning (exploitation) trade-off.

To tackle these challenges from unknown demand parameters, we model the joint
learning and optimization problem as a multi-armed bandit, and develop a UCB-based
algorithm to solve the problem. One way to design the algorithm is to construct
the upper confidence bound (UCB) of the expected revenue (i.e., reward) of each
policy (i.e., arm), which is equal to the empirical mean of each policy’s revenue plus
a confidence interval. Then the algorithm picks the policy with the highest upper
confidence bound in each period. However, this naive construction of the UCBs

results in the following issues.

e The learning algorithm is highly inefficient because the total number of policies
in our problem is exponentially large. Consequently, the regret of this learning
algorithm, as defined in (3.5]), would be very large, meaning the algorithm can
hardly converge to the optimal policy.

e In each period of the algorithm, it is impossible to compare an exponential
number of policies so as to find the best one to implement. In addition, it is
difficult to implement the learning algorithm together with the optimization

subroutine we propose in Section [3.3]

To resolve these issues, we adopt an alternative way of constructing the UCBs:

instead of estimating the UCBs for each policy, we estimate the UCBs for each un-
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known parameter, namely, an(}%); aN+m(pN+m)7 ﬂ;\f+m(p§\7+m) and 5N+m(pN+m)u for
P € Qec, DNym € Qs and Py, € Qq. Then, we can use these estimates as inputs to

the FPTAS optimization subroutine to determine the “optimal" policy in each period.

3.4.1 The learning algorithm

In the UCB-based learning algorithm, we keep track of the empirical mean of de-
mand parameters o, (Pn), ON4m(PN+m)s Byim@nim): Bnim for all products n €
{1,...,N}, me {1,..., M} and all prices p, € Q¢, Dn+m € Qs; Py € Qa, respec-
tively. We also keep track of the counter of each price, which counts the number of
periods or the number of purchased products associated with the price, for each type

of demand function.

We introduce the following notations in our algorithm.

e @,(p,): the empirical average of a,,(p,), for all n =1,..., N and p, € Q..

® anim(pNim): the empirical average of aynym(pPyim), for all m = 1,..., M and
PN4m € (.

o B/Ner(p’Ner): the empirical average of By, (Pyim), for all m =1,..., M and
Pnim € Qo

® Byim(PNim): the empirical average of By ym(pnim), for all m = 1,..., M and
PN4m € (.

e ¢,(p,): the number of periods that price p, of core product n has been used,
forallmn=1,..., N and p, € Q..

® CNom(PNim): the number of periods that price p,, of supportive product N +m
has been used, for all m =1,..., M and pni,, € (L.

) cg\‘;j,)n(pk, +m): the number of core products purchased when product N + m

is selected as an add-on product under the discount price py,,,, for all m =

1,...,M and ply,,, € Q.

cg\c;fzn(pNer): the number of core products purchased when product N + m is

not selected as an add-on product but offered at the original price px .y, for all

m=1,... M and pnin, € (L.
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We also introduce the notion of episode, which is defined as a consecutive number
of periods. In the algorithm, we update the “online" policy at the beginning of each
episode, and then use the policy for a number of periods, until the episode terminates
with certain stopping rules. Therefore, the length of each episode (in periods) is in

fact a stopping time.

We refer to our learning algorithm as UCB-Add-On, and formally describe it in
Algorithm [3]

In the beginning of each episode, the algorithm first uses the FPTAS optimization
subroutine to solve an optimistic version of the problem, in which all the parameters
are evaluated at their UCBs. In addition, given that the demand parameters are

defined as Bernoulli random variables, we truncate all the UCBs at value 1.

We also observe that the parameter K increases as the number of episodes 7 and
time period t increase. By Theorem we know the approximation error of the
optimization subroutine decreases with 7, while the computation time increases. To
mitigate the computational cost, we set the stopping criteria where given policy 11,
each episode ends when the value of at least one of the associated counters is doubled
within the episode. By this construction, the length of each episode increases in 7.
As a result, the algorithm calls the subroutine less frequently as time increases, and

the output policy also becomes more stable.

3.4.2 Regret analysis

We analyze the performance of our learning algorithm by adopting the standard
notion of regret. Let R* be the one-period expected revenue of the optimal clairvoyant
policy that has access to the full demand information, and R(II;) the expected revenue
of the policy II; that is used by algorithm UCB-Add-On in period ¢. The regret of our

algorithm is then defined as

T
Regret(T) :== E ZR* — R(IL)
=1
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Algorithm 3 UCB-Add-On
e Initialization.
Set all the empirical means and counters to 0. Set the value of e.
e Loop. For each episode 7,

1. Let period t denote the first period in 7. Solve the optimization problem
(3.1)) using the FPTAS subroutine with the following inputs.

* Qde, (s, L,
* O (pp) = min (Ldn(pn) + /cilf)fnt)> forall p, € Q.andn=1,...,N

* 52Ner(pN+m) '= min (170_5n(pN+m) + \/ %) for all PN+m € Qs

andm=1,..., M

* EVer(PINer) = min (1,5&+m(pﬁv+m)+ %) for all

CN+m (p/]\l+m)

Pvem € Qeandm=1,... M

* BNgm(PN4m) = min 1>BN+m(pN+m) + d&) for all pyym €

CN+m(pN+m)
Qsandm=1,...,M

« K:[iﬂ

€

2. Denote the output policy as II,. Keep using policy Il and updating the
empirical means and counters in each period, accordingly.

3. Terminate the episode when the value of at least one of the counters (as-
sociated with the selected add-on products and prices under policy II,) is
doubled within the episode.

Set T =7+ 1.

Since R* is an upper bound of R(II) for any policy II, the regret is always non-
negative. In the following theorem, we state our main result on the upper bound of

our learning algorithm’s regret.

Theorem 3.2. For any problem instance, the regret of algorithm UCB-Add-On can
be upper-bounded by

Regret (T) < O (NMﬁ ((1/)\) - UT1ogT + 8@)) : (3.6)

where p is the mazimum price as defined in Lemma A is the lowest possible
probability that the total primary demand is non-zero, U := max {||,|Qs|, |2}
and € is the input parameter to Algorithm[3.

Lower bound. We note that the regret bound (3.6) shown in Theorem is
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tight up to the logarithmic term. More specifically, we can show that the regret is
lower-bounded by 2 (N MpJUT ) The proof is based on constructing a problem
instance where this part of the regret is inevitable for any learning algorithm.

Consider the instance where the add-on space limit is S = 0. In addition, the
primary demand apy,,(-) are zero, and the add-on purchase probabilities Sy im(+)
are one, for all supportive products m = {1,..., M}, and all prices pyim, € €.

In this instance, the optimal policy is to set the prices of all the supportive products
at the highest price. For simplicity, consider that there is only one price available for
all supportive products, which is p as defined in Lemma [3.1}

Now we can translate the problem into a collection of independent MAB problems.
In particular, for each core product, we obtain a regret lower bound 2 (M ﬁ\/ﬁ)
Summing up the regret of all N core products, we then obtain the regret lower bound
0 (NMﬁx/ﬁ).

The proof of Theorem [3.2) is based on breaking down the total regret.

Before moving to the proof details, we first introduce the notations that we need

in the analysis. Let @ ¢(Pn), Ontm i (PN+m), B/]V+m,t(p/]V+m)’ BNer,t(pN-&-m)v Cn,t(Pn),
CN+mt(PN+m), C%i?n,t(ﬂl\f +m) and cﬁﬁfimt(p]vm) be the values of the corresponding
parameters at the beginning of period t, respectively. Then, with these notations,
we define the collection of events &, where each parameter’s empirical mean at the

beginning of period ¢ is not in its confidence interval that is shown in Algorithm [3]

Formally, we have

2logt
Cn,t(pn)

&g = U U ‘an,t(pn)_an(pn)’>

ne [N] Pn GQC

2logt

CN+m,t<pN+m>

U U U [N 4t (PN +m) — ONpm (PDNm)| >

meE[M] PN+mE€Qs

ol 2logt
U U U ﬁN—i—m,t(plN—i—m) - ﬁ;\/—l—m,t(p/]\f—i—m)‘ > (a,1) ,
me[M] P,Nerega CN—&-m,t (pN+m)
il 2logt
U U U Byimionem) = Bxsmlpain)l > 5
meE[M] PN +m€Rs cN+m,t<pN+m>
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Conditioning on events &,y for all episodes, we break down the total regret into
two major parts. Let ¢(7) denote the starting period of episode 7. Let n(7) be the
total number of episodes from period ¢t = 1 to T', and (1) the length of episode T,

i.e., the total number of periods in episode 7. Specifically, we have

T
Regret(T) = E ZR* —R(I1y)
| t=1

n(7)
= E|) (R"=R(L))-{(r)

=1

n(r)
= E|) E[R —R(L))-Ur) | &) - P [Er)]

[ n(7)
+ E D _E[(R —RAL)) -L(7) | &) P, BT

In the following, we bound the first term in (3.7)) using Lemma[3.4]and Lemma 3.5
and bound the second term using Lemma [3.6] Theorem [3.2] then follows by summing
up the two parts.

Lemma 3.4. The expected length of the episode T that starts with period t is upper-
bounded by t, namely,
E[((7)] < t(7).

Lemma 3.5. Given the algorithm shown in Algorithm[3, we have

n(r)
E|> E[(R"—R(L)) U7) | &) - P [En] | < K, (3.8)

=1

where K1 a constant that is independent of T

Lemma 3.6. Given the algorithm shown in Algorithm[3, we have

n(r)
E ZE [(R* = R(L)) - 6(1) | €] - P [Elry] (3.9)
< K- [NMj ((1/0) - VUTlog T +=VT)] (3.10)
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where Ky 1s a constant that is independent of T'.

The proof of Theorem [3.2]follows by combining the results in Lemma[3.4] 3.5 and
3.6l

3.5 Discussion

Given that the revenue management problem with add-on discounts is a new model,
we discuss in this section several variants of the optimization problem for different
practical scenarios. In particular, we discuss how the changes of the underlying model
assumptions would affect the formulation of the problem, as well as the optimization

and learning algorithms.

3.5.1 Assumption on independent demand

In optimization problem (3.1)), we have assumed that all the demand parameters (both
primary demand and add-on purchase) are independent across different products,
which means that all the demand functions, o, (pn), ANtm(PN+m): By 1m (P4m) and
BN+m(PN+m), are dependent only on the price of the corresponding product itself.
Alternatively, we can model demand using discrete choice models, e.g. the MNL
model and other similar variants.

Consider the demand assumption that each customer can purchase at most one
core product. Let p. denote the vector of prices of the core products, i.e., p. :=
(p1,...,pN), and ay,(p.) denote the purchase probability for core product n given
price vector p.. Given a choice model, we have 27]:]:1 a,(p.) < 1. However, for
supportive products, as one customer can purchase multiple supportive products at
the same time, it is not appropriate to model demand functions an . (+), By, (-) and
Bn+m(+) using choice models (because with choice models, e.g. MNL, each customer
can select at most one product). The revenue management problem with a choice

model for the core products can now be formulated as:
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N M
max Z O‘n(pC) “Pn T+ Z aN+m(pN+m) *PN+m

PPN +msP'N g LN +m — —

[ N T M
+ Z an<pc> ' Z [[N+m : 6;V+m<plN+m> 'plN+m
Ln=1 J

3
I

+ Zan<pc) ’

NE

(1 = Ingm) - Bysm(PN+m) - DN4m)

m=1
M
s.t. Z [N+m S S,
m=1
PNim < PN4m form=1,... M,

P € Q. forn=1,... N,

PN+m € Qsy Pyim € oy Inem € {0,1} form=1,..., M.
(3.11)

Given the new formulation (3.11]), we cannot apply Algorithm |2 to solve the cor-
responding offline optimization problem. Although we can use Part 1 of Algorithm
to approximate the revenue function R(-) for the supportive products, we can-
not apply Part 2 of Algorithm [2| to solve the master problem max 22[:1 an(Pe)pn +
Rs(zgzl a,(pe)) using the same dynamic programming approach. In the following,
we discuss the solutions to the updated optimization problem in two cases: 1) when
the number of core products N is small 2and ) when N is large. We also discuss how

to solve the joint learning and optimization problem in both cases.

When N is small relative to the computational resource, we can solve the opti-
mization problem by enumerating the value of 27]1\[:1 an(pe) pn—{—RS(ZnNzl an(pe)) over
all possible price vectors p.. Correspondingly, in the joint learning and optimization
problem, we can consider the choice model as a black-box, and use this enumerating
solution as a subroutine. Specifically, we can model each possible price vector p. as
an arm, and learn the values of ZnN:1 oy (pe)pn and ZnN:1 an(pe) separately using
a UCB-based algorithm similar to Algorithm [3] Moreover, we can show that such
a learning algorithm can converge to the optimal policy, with a slower convergence

rate, as the algorithm’s regret is now proportional to the number of all possible price
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vectors, i.e., O (|Q[V).

When N is large and we can no longer consider the choice model as a black-box, we
have to resort to heuristics based on neighborhood searching to obtain near-optimal
solutions. In addition, we need to explicitly incorporate the choice model into the
learning algorithm. In this case, if we assume the underlying choice model to be MNL,
we can use the existing learning algorithms for MNL models (e.g., Rusmevichientong
et al. (2010), Agrawal et al.| (2016a), Agrawal et al.| (2017)), |Agrawal et al.| (2019)), or
Miao Chao| (2017)) to handle the learning task in our problem.

3.5.2 Assumption on add-on demand function

We assume in the optimization problem that the probability of an add-on pur-
chase under discount price Sy _,,(-) depends only on discount price py_,,, rather than
on both py,,, and py4.,. This assumption is justified by the following two observa-
tions from practice. First, many supportive products, like video games, have suggested
retail prices from the industry. For example, in the US, the prices of video games
are regularly set at $59.99. This fixed price, rather than the offered price pyim, can
be considered as a reference point for customers. Therefore, it suffices to consider
only the discount price py,,, in estimating demand Sy_,.(-). Second, in practice,
add-on discounts are usually shown as a limited time offer as a way of triggering a
customer’s intention to purchase. Therefore, in the purchase dynamics, it is common
that customers only consider whether or not to take discount price p'y,,,, instead of

going back and comparing the discount price with the original price pyim-

Alternatively, one can assume that Sy _,,(-) depends both on the discount price
P4 and the original price pyip,. In this case, we can update the formulation of the

offline optimization problem as follows.
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N M
max Z (079 (pn)pn + Z AN+4m (pN—i-m)pN-‘rm

PPN moPN o IN+m n=1 m=1

[ N T M
+ Zan(pn) ' Z [IN+m ' 6§V+m(p§\7+m7pN+m) ’ p/N+m]
Ln=1 J

3
I

+ Z an(pn) :

M
s.t. ZIN+m S S,
m=1

NE

(1 = Ingm) - Bysm(PN+m) - DN4m)

3
I

Pim < Pn+m form=1,... M.
pn € Q. forn=1,..., N,

PN+m € Qsy Pygm € Loy Ingm € {0, 1} form=1,..., M.
(3.12)

In this updated formulation, we replace the By . (Py 1) i (3-1) with By, (Dy1m> PN4m)-
Note that this modification will not change the framework of the optimization sub-
routine shown in Algorithm [2| and hence we can still apply Algorithm [2] to solve the
offline problem. More specifically, in Part 1.(b) of Algorithm [ we simply update the

procedure to

/ / /
. max AN (PN+m)PN+m + VON-£m (PN ) PN
pN+m€Qs7pN+m€Qa7pN+m<pN+m

and the algorithm’s complexity stays unchanged.
For the joint learning and optimization problem, we can adopt Algorithm [3] with

a simple modification of the counters associated with function fy,,,(-). Following a

similar regret analysis procedure to that in Section [3.4] we obtain regret

o <NM]5 <1/A\/W + sﬁ)) :

where the original term U shown in Theorem is now replaced by U2
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3.5.3 Assumption on Bernoulli demand

We assume in our model that all the demand parameters o, (pn), ONtm(PNtm)s
BNim(Pyim) a0d Byim(PN4+m) are represented by Bernoulli random variables. In
fact, the model can be extended to other types of demand parameters as long as
we can obtain similar concentration results for the learning algorithm, as shown in
Lemma[3.5 and Lemma[3.6, In our analysis, we use the Chernoff-Hoeffding inequality
to obtain the concentration results for Bernoulli random variables. We refer interested
readers to Bubeck et al.|(2013)) for further discussions on the concentration results for
other types of random variables, such as normal, Poisson, exponential and all bounded
distributions, which all belong to the family of sub-exponential distributions.

In this paper, our major focus is the add-on discount structure in the revenue
management problem, and hence we skip the detailed discussion on the assumptions of
the underlying demand random variables, as well as the corresponding regret analysis.
In fact, relaxing the Bernoulli assumptions will only affect the construction of the UCB
terms, and the framework of our learning and optimization algorithm will still apply.
In addition, in practice, one may simply remove the min(1,-) term in the UCB to

handle other types of demand parameters.

3.6 Numerical Experiments

We present in this section the results of our numerical experiments. We conduct
the experiments with the real-world data we collect from Tmall.com, which is an
online e-commerce platform operated in China by Alibaba Group. The data provide
the transaction history from a popular video gaming brand’s official online store at
Tmall.com. In the experiments, we first use the data to estimate the demand-price
relationships of different products as the ground truth. Then we test the performance
of algorithm UCB-Add-On in different settings with varying levels of add-on discount
effects and add-on space limits. The experiment results not only validate the perfor-
mance guarantee of the learning algorithm UCB-Add-On, as shown in Theorem [3.2]

but also illustrate the advantages of using the add-on discount strategy in practice.
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3.6.1 Experiment settings

The data provide the detailed transaction records from the video gaming brand’s
online store at Tmall.com during the period from October 2017 to July 2019. The
store mainly sells video game consoles, video games and accessories. We observe from
the data that the major sales are from three video game consoles and twenty video

games. Therefore, we set N = 3 and M = 20 in all the experiments.

We use the data to calculate the hourly arrival rate, i.e, the number of customers
per hour, as the demand for each of the selected video game consoles (core products)
and video games (supportive products). In addition, for each product, given its
demand under different prices, we use linear models to estimate the demand functions,
e, an(pn), ONtm(PNim) and Byim(PNim), as the ground truth. More specifically,
for each m € {1,..., M}, we estimate aym(PNim) and Byim(pnim) separately: if
the game is purchased together with a game console, we then count the transaction
as add-on demand By, (pnim); and if the game is purchased without any game
console, we count the transaction as primary demand i, (pyim). The details of
the estimated coefficients of functions a,(p,), anim(PNim) and Byim(PNim) are
provided in the Appendix. We note that the linear demand assumption is only used

for estimating the ground truth, and is not known to the learning algorithm.

Since the online store does not implement any add-on discount strategy, we cannot
estimate the add-on demand function By, (Py..,) from the transaction data directly.
Instead, we generate these functions based on Sy.im(Pyim) by making different as-
sumptions about the level of the add-on discount effect. Given the intuition that for
each video game, its add-on demand should be higher than its primary demand under

the same price, we consider the following three cases in our experiments:

e Low add-on discount effect, where By, (-) =2 Byim(:) forallm =1,..., M;

e Medium add-on discount effect, where fBy.,,.(-) = 3 Byim(:) for all m =
1,...,M;

e High add-on discount effect, where By, (-) = 4+ By4m(:) forallm =1,... M.

Given the total number of games M = 20, we consider three possible values for
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the space limits, i.e., the total number of add-on discounts the retailer can offer at
most, which is S € {4,6,8}. In total, we test 9 cases (3 levels of add-on discount
effect x 3 space limits) in our experiments.

We also modify the prices of different products that are used in practice. First,
since the sale prices of video game consoles are much higher than those of the video
games, we subtract the unit cost, which we assume to be 3,000 CNY, from the sale
price of each game console, in order to obtain prices of the same level in the objective
function . With this modification, we can consider the objective value as the
total profit rather than the total revenue. Second, for simplicity, we round the prices
that end with 9 or 99 to the nearest ten or hundred. We set the price sets of different
products as follows. For video game consoles, we have p,, € 2. = {200, 400, 600, 800}.
For video games, we have pyi., € € = {80,100,120,140,160} and py,, € Q, =
{80,100, 120, 140}. All the prices are in CNY. Note that price value 160 is removed
from €),, as it never makes a feasible add-on discount.

When running algorithm UCB-Add-On, we set the approximation error to be
¢ = 0.1 for the optimization subroutine. This approximation error is also used for
calculating the revenue of the optimal policy with Algorithm [2] In addition, in con-
structing the confidence intervals, we add an additional multiplier, which we fix to
be 273, to all the UCB terms to enhance the algorithm’s efficiency. The reasons for
adding this multiplier are further discussed in [Russo Van Roy| (2014)). Moreover, we
note that each period in our experiment corresponds to one hour in the real world.
This is consistent with our calculation of demand, which is defined as the hourly ar-
rival rate. We also note that 365 x 24 = 8760 periods in our experiments correspond

to the time of a year in the real-world.

3.6.2 Result Analysis

We aim to answer the following questions in analyzing the results of our numerical

experiments.
e How does algorithm UCB-Add-On perform in different scenarios, in terms of
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the algorithm’s rate of convergence to the optimal policy that knows the true
demand functions?

e What is the optimality gap, namely, the difference in total revenue, between the
optimal policy that uses add-on discounts (i.e., S > 0), and the optimal policy
that does not use add-on discounts (i.e., S = 0), when both optimal policies
know the true demand functions from the beginning?

e How long does it take for algorithm UCB-Add-On to achieve a better perfor-
mance, in terms of total revenue (profit), than the optimal policy that does not

use add-on discounts?

We summarize the experiment results under different test scenarios in Table [3.1]

In the first part of the table, we demonstrate the performance of algorithm
UCB-Add-On. For each test scenario, we run the algorithm a total of 100 times,
and then calculate the average regret, as defined in (3.5)), up to period 7" = 168
(one week), period T' = 672 (one month), period 7' = 2016 (three months) and period
T = 8760 (one year), respectively. We display the average regret in percentage, which
is given by

Regret(T) _ . > E[R(IL)]

e =1 e (3.13)

In the second part of Table (3.1, we answer the second question by displaying
the difference of total revenue (in percentage) between the optimal policy that uses
add-on discounts and the optimal policy that does not use add-on discounts. For
simplicity, we call the first policy the optimal (add-on) policy and the second policy
the optimal no-add-on policy. Let R be the revenue of the optimal no-add-on policy.
The optimality gap percentage is given by (R*/R§ — 1).

In the last column of Table we show the number of periods it takes for algo-
rithm UCB-Add-On to surpass the revenue of the optimal no-add-on policy.

To visualize the performance of algorithm UCB-Add-On in comparison to the two
optimal policies, we plot out the accumulative revenue of our algorithm as a function

of the real-world time in Figure [3-4 Specifically, the results are from the test case
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where S = 6 and the add-on effect is medium. The plot also shows the comparisons

between our algorithm and the other two optimal policies.

Table 3.1: Summary of experiment results under different test scenarios.

Low add-on discount effect : Sy,,,,(-) =2+ Bnim(-)
Expected average regret percentage Optimality gap of Time to beat optimal
Time | 1 week | 1 month | 3 months | 1 year | optimal no add-on policy no add-on policy
S=4]1410% | 10.60% 8.00% | 5.50% 4.30% 1.2 years
S=6]|11.00% | 9.20% 7.30% | 3.90% 5.60% 0.5 year
S = 16.60% | 11.40% 7.80% | 5.10% 6.30% 0.5 year
Medium add-on discount effect: By,,,(-) =3 - Bnym(:)
Expected average regret percentage Optimality gap of Time to beat optimal
Time | 1 week | 1 month | 3 months | 1 year | optimal no add-on policy no add-on policy
S=4]14.80% | 11.30% 7.20% | 5.30% 8.70% 2 months
S=611710% | 11.90% 7.70% | 4.80% 11.50% 1 month
S =8112.50% | 10.10% 6.80% | 4.50% 12.80% 1/4 month
High add-on discount effect: Sy_,,,(-) =4 Bnim(:)
Expected average regret percentage Optimality gap of Time to beat optimal
Time | 1 week | 1 month | 3 months | 1 year | optimal no add-on policy no add-on policy
S = 11.50% | 8.30% 6.50% | 4.50% 13.20% 6 days
S=6|16.40% | 11.20% 7.00% | 4.40% 17.20% 6 days
S=8]1410% | 9.30% 6.60% | 4.10% 19.30% 2 days

First, we observe that algorithm UCB-Add-On can efficiently converge to the op-
timal policy in all test scenarios. The regret (in percentage) shrinks to 10% within
one-month time in all the tests. In addition, the figure validates the algorithm’s
convergence rate O(v/T), as shown in Theorem .

Second, for the optimality gap between the two optimal policies, we observe that
the gap increases when S becomes larger and when the add-on discount effect becomes
stronger. The results are reasonable because in both cases, the revenue of the optimal
add-on policy increases, while the revenue of the optimal no add-on policy stays the
same. Moreover, we observe a non-negligible optimality gap: even in the modest
setting where S = 4 and the add-on discount effect is low, the gap is 4.3%. Such
comparison results demonstrate the advantages of using the add-on discount strategy.

Third, from the comparisons between algorithm UCB-Add-On and the optimal
no-add-on policy, we observe that the time for algorithm UCB-Add-On to beat the

optimal-add-on policy decreases as the space limit or the discount effect increases.
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Figure 3-4: Performance of algorithm UCB-Add-On in the test case for S = 6 with
medium add-on discount effect.

This is consistent with our observations from the optimality gap comparisons. More
importantly, the results reassure the benefits of using the add-on discount strategy
even when the retailer has no prior knowledge of all the demand parameters. As we
show in Figure [3-4] where the z-axis depicts the real time in weeks, and the y-axis
depicts the average hourly revenue (i.e., revenue per period), the learning algorithm

can quickly outperform the optimal no-add-on policy in around four weeks.
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Chapter 4

Fast Thompson Sampling for Online

Network Revenue Management

4.1 Introduction

We study in this paper a canonical price-based network revenue management prob-
lem where a retailer needs to determine the prices of multiple products over a finite
selling horizon. The products are made from multiple types of resources with limited
inventory that are fixed before the selling season starts and cannot be replenished
throughout the season. The retailer’s goal is to maximize the total revenue by dy-
namically determining the prices of these products based on real-time observations
of demand. The problem has a variety of applications including airline, hospitality,
fashion retailing, and cloud computing. For example, in airlines, a firm needs to
determine the prices of flight itineraries (products). Each flight consists of one or
multiple flight legs (resources), and each flight leg has a finite number of seats (in-
ventory). In cloud computing, a cloud service provider needs to determine the prices
of virtual machines (products) that consume computing resources, including CPUs,
storage, and memory (resources). Many other interesting applications of the problem
can also be found in Talluri Van Ryzin| (2006) and |Ozer et al. (2012).

One common challenge of using dynamic pricing in practice is that many retailers

do not know the demand of each product associated with each price, and have to
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learn this information from the sales data during the selling horizon. In this case,
the retailer faces the trade-off between trying different prices to learn and estimate
the demand under each price (“exploration") and setting a price that maximizes
the revenue based on the current demand estimations (‘“exploitation"). Specifically,
given a finite selling horizon, if the retailer spends most of the selling season learning
demand, the time left for exploiting this knowledge would be limited. On the other
hand, if the retailer does not use enough periods for exploration, demand estimations
would be inaccurate and thus yield sub-optimal pricing decisions. This exploration-

exploitation trade-off is also signified by the resource inventory constraints.

One of the classic approaches for solving the exploration-exploitation trade-off in
network revenue management problems with unknown demand is to use techniques
from multi-armed bandits (MAB). In particular, by formulating the problem as an
MAB, we can consider each possible selection of price vector as an “arm", and the
revenue under the selected price vector as the “reward" of pulling an arm. The chal-
lenge of adopting this MAB approach is that in the presence of inventory constraints,
traditional MAB algorithms, like Upper confidence bound (UCB) and Thompson
sampling, are likely to fail in finding the optimal pricing policy. This is because these
traditional algorithms are designed to find the price vector with the highest revenue,
while the optimal pricing policy given inventory constraints should choose a combina-
tion of multiple price vectors over the entire selling season. To tackle this challenge,
Ferreira et al.| (2018)) propose algorithms based on Thompson sampling techniques to
solve the network revenue management problems with unknown demand. However,
in their algorithms, the retailer needs to solve an estimated linear program (LP) in
each period of the selling horizon. Given that solving LP is a time-consuming task,
the algorithms in [Ferreira et al. (2018) may not be a practical choice due to their
computational drawbacks, especially for problems where the number of resources and

products is huge.

We study in this paper a network revenue management problem with unknown
demand (we refer to the problem as the "online network revenue management prob-

lem" as in Ferreira et al. (2018))), and we focus on developing computationally efficient

92



dynamic pricing and learning algorithms that can maximize the total expected reward
while learning the true demand parameter on the fly without violating the resource

inventory constraints. Our main contributions can be summarized as follows.

We propose a primal-dual algorithm that does not require solving any LPs to
solve the online network revenue management problem. In comparison to the algo-
rithms in Ferreira et al. (2018)), our algorithm has the advantage in computational
efficiency, and more importantly, it does not compromise the convergence rate to
the optimal dynamic pricing policy that knows the true demand parameter. Specif-
ically, in Section [4.3.2] we show that our algorithm obtains the same order of regret
as the algorithms in |Ferreira et al.| (2018]). We also conduct numerical experiments
and show in Section that our algorithms outperforms the LP-based algorithms

significantly in terms of computation time.

We build the connections between the online network revenue management prob-
lem and the multi-armed bandit problem from several aspects. We observe that our
problem fits into the bandit with knapsack model proposed in Badanidiyuru et al.
(2013)) that study multi-armed bandit problems with resource constraints. If we model
the network revenue management problem as a bandit, we have correlated “reward"
and “resource consumption" for an “arm" since both items involve the mean demand
under a selected price vector. This unique feature is useful in bounding the unit value

of a resource, and thus motivates the design of our LP-free algorithms.

We show that our primal-dual decomposition framework provides not only the
flexibility in designing algorithms, but also a convenient analysis framework. In par-
ticular, by using the primal-dual decomposition, we obtain a dynamic pricing and
learning subproblem without any inventory constraints in the primal decision space.
This subproblem is equivalent to a multi-armed bandit problem with no resource
constraints, and we can then apply various bandit learning algorithms to learn the
unknown demand parameters. Meanwhile, in the dual space, we obtain an online
optimization subproblem that aims to learn the optimal resource value, and we can
also apply various online convex optimization algorithms (see |[Hazan et al.| (2016)) to

solve the subproblem. We show in Section several extensions of our model and
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algorithms to show the wide applicability of our primal-dual framework.

4.1.1 Literature Review

Due to challenge of incomplete demand information and the increased availability
of real-time sales data, there has been a vast literature on dynamic pricing with
demand learning, and most of the papers are based on the canonical revenue manage-
ment problems defined in the seminal works Gallego Van Ryzin| (1994)) and (Gallego
Van Ryzin| (1997). Specifically, Gallego Van Ryzin| (1994) study a (single-leg) prob-
lem with a single product and a single resource, and |Gallego Van Ryzin| (1997) study
a network revenue management problem with multiple products sharing multiple re-
sources. Both papers are focused on dynamic pricing strategies under the assumption
of complete demand information. For demand learning problems in the single-product
single-resource setting, a series of algorithms with provably regret upper bounds are
provided in Besbes Zeevi (2009) Lei et al. (2014) and Wang et al| (2014)). A more
detailed review of the problem can also be found in lden Boer| (2015). Our work fo-
cuses on demand learning in the network revenue management setting, which is more
difficult to analyze than the single-leg problem. More discussions that compare these
two problem settings can be found in |(Chen Shi (2019) and |Chen et al.| (2019b)).
Several approaches have been proposed in the literature to address the exploration-
exploitation trade-off in the general network revenue management problem with de-
mand learning under resource constraints. One intuitive approach is to divide the
selling horizon into a disjoint exploration phase and an exploitation phase (e.g., [Bes-
bes Zeevi (2012))). During the exploration phase, the retailer offers each price vector
for a fixed number of times and collect the corresponding sales data. At the end of
the phase, the retailer calculates the average sales as the estimation for the mean
demand rate under each price, and then uses these estimates to find a combination
of price vectors that maximize the revenue for the remaining periods, i.e., the ex-
ploitation phase, via a linear program. One drawback of this approach is that the
demand learning process is discontinued in the exploitation phase, and thus the sales

data collected in this later phase is wasted. Moreover, if the inventory is limited, it is

94



very likely that retailer will run out of inventory in the exploration phase, and thus

cannot exploit any learned demand information.

Another approach to address the exploration-exploitation trade-off is to use the
multi-armed bandit tools. By formulating the learning task in a network revenue
management problem as a multi-armed bandit, we can use algorithms like Upper
Confidence Bound (UCB) and Thompson Sampling to estimate the demand parame-
ters and use these estimates to optimize the prices in each discrete selling period. For
example, by using UCB techniques, the algorithm creates a confidence interval for
each unknown mean demand rate, and then optimize the prices based on the demand
rates estimated at the upper bound of each interval. In addition, by using Thompson
Sampling, the algorithm keeps updating the posterior distribution of each unknown
mean demand rate, and optimize the prices in each time period based on the mean
demand rates sampled from the latest posterior distribution. The original versions of
these multi-armed bandit algorithms are developed without considering any resource
constraints. Extensions of the algorithms in the presence of resource constraints can

be found in Badanidiyuru et al.| (2013) and Ferreira et al.| (2018]).

There also exist many other approaches for solving revenue management problems
with unknown demand, such as the bisection search method in|Wang et al.| (2014)) and
Lei et al.| (2014)), the least square method in Besbes et al.| (2015)), and the primal dual
method in |Chen Gallego| (2018)). The methods in these papers heavily rely on the
problem structure of a single product or a single resource, and can hardly be extended

to a general multi-product multi-resource network revenue management problem.

We would also like to note that many papers reviewed above are primary focused
on the discrete price setting, with an extension to the continuous price setting. One
key distinction between discrete and continuous price sets in dynamic pricing and
learning lies in the structure of their revenue optimization problems. As discussed
in Ferreira et al|(2018)), in the discrete price setting, the retailer needs to maximize
over distributions of prices, since there might not exist a single price that maximizes
revenue, while in the continuous price setting (e.g., prices drawn from a certain con-

vex and compact set), there always exists a single price vector that is asymptotically
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optimal, if the demand function satisfies certain regularity conditions. In addition,
as pointed out in Chen et al.| (2019b), when analyzing the order of an algorithm’s
performance bound, the upper bound benchmarks used for the two settings are dif-
ferent (the continuous setting has a higher revenue upper bound). These distinctions
make it unfair to compare the performance of the algorithms for different settings.
More importantly, we cannot simply extend the existing algorithms developed in the
discrete price setting to the continuous setting because of the difference in algorithm
performance measures of the two settings. See more discussions in|Chen et al.| (2019b)).

Our approach of solving the online network revenue management problem fol-
lows the multi-armed bandit approach with a computationally efficient primal-dual
framework. When dealing with demand uncertainty, we closely follow the method
in [Ferreira et al. (2018) and use Thompson sampling to estimate the mean demand
rates in each selling period. However, when optimizing the prices, instead of solving
a linear program with sampled demand inputs and inventory constraints, we simply
pick the price that maximizes the pseudo revenue, which is defined as the total es-
timated revenue (estimated demand times price for each product) minus the total
value of resources that each product consumes. We measure the value of each re-
source by introducing a number of dual variables, each associated with a resource.
At the end of each selling period, in addition to updating the posterior distribution of
each unknown demand parameter, we also update the values of these dual variables
based on the observed sales. Our primal-dual algorithm framework does not require
solving any linear program, and therefore, can significantly outperform the algorithm

in |Ferreira et al.| (2018) in terms of computational efficiency.

96



4.2 Fast Thompson Sampling

4.2.1 Model

We consider a retailer who sells N products, indexed by i € [N], over a finite selling
horizon. Throughout the paper, we to [z] to denote the set {1,2,...,x}. These
products consume M resources, indexed by j € [M]. Specifically, one unit of product
¢ consumes a;; units of resource j. The selling horizon is divided into 7" discrete
selling periods. For each resource j € [M], it has [; units of initial inventory, and
no replenishment during the selling season. We use I;(t) to denote the inventory of
resource j at the end of period t € [T'], and we denote [;(0) = I;.

The sales dynamics in each period is as follows. At the beginning of period ¢ € [T,
the retailer offers a price for each product from a finite and discrete set of price vectors.
We denote the set by {p1,...,px}, where for each k € [K], pr = (p1k,---,Pnk) IS a
vector of length N specifying the price of each product. We also assume there exists
a “shut-off" price p such that the demand for any product under this price is zero
with probability one. We use P(t) = (Py(¢),..., Py(t)) to denote the prices chosen
by the retailer in this period, and we know P(t) € {p1, ..., Pk, Poo}-

Customers then observe the prices chosen by the retailer and make purchase deci-
sions. We denote the demand of each product at period ¢t by D(t) = (D1(t), ..., Dn(2)).
Given P(t) = pi, we assume that demand D(t) is sampled from a probability dis-
tribution with joint cumulative distribution function (CDF) F(x1,...,zxN;p,0) that
contains parameter ¢, and we assume 6 takes values in the parameter space ©. The
distribution is assumed to be sub-exponential. Note that many commonly used de-
mand distributions belongs to the family of sub-exponential distributions, such as,
normal, Poisson, exponential and all bounded distributions. We also assume that
D(t) is independent of the history H;—; = {P(1),D(1),...,P(t—1),D(t — 1)} given
P(t).

If the inventory is sufficient to satisfy demand D;(t) for all products i € [N],
the retailer receives revenue S | D;(t)Pi(t), and the inventory of each resource j €

[M] diminishes by Zfil D;(t)a;; units such that I;(t) = [;(t — 1) — Zfil D;(t)a;.
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Otherwise, if there exists at least one resource with insufficient inventory to satisfy the
corresponding demand, the sales dynamics stops immediately. The retailer receives
no revenue from this period, and the price is forced to be p,, in the remaining selling
periods.

We assume that the demand parameter 6 is fixed but unknown to the retailer at
the beginning of the selling season, and the retailer needs to learn the true value of
0 from the historical sales data H;_;. In addition, we assume the retailer knows a
prior probability distribution of # € © at the beginning. The retailer’s objective is to

maximize the expected total revenue over the entire selling horizon.

4.2.2 Relation to the Multi-Armed Bandit Problem

The model we describe is a generalization of the MAB problem, where we can consider
each price vector as an “arm" and the associated revenue as the “reward". One
deviation from the classic MAB model is that we consider inventory constraints in
our problem. Note that in the presence of inventory constraints, the optimal pricing
strategy should converge to a mixed strategy given by a distribution of multiple
price vectors instead of a single price vector. Therefore, in addition to learning the
unknown demand parameter, a good algorithm also needs to estimate the time when
the inventory runs out. This is in contrast to classical MAB problems for which the
process always ends at a fixed period.

Our model closely follows the dynamic pricing model in Besbes Zeevi (2012),
Ferreira et al.| (2018)), and is closely related to the the bandit with knapsack (BwK)
model studied in|Badanidiyuru et al.| (2013). In comparison to the BwK model, in this
paper, we focus on the Bayesian setting where the prior distributions of the unknown
parameters are known. Moreover, if we model the network revenue management prob-
lems with unknown demand as a BwK model, the “reward" and “consumption" of an
“arm" are correlated since they both involves the mean demand parameters. This spe-
cial feature provides convenience in designing computationally efficient algorithms. In
Section [4.2.4) and Section [£.2.5] we will discuss the difference between our algorithm

and other algorithms in the literature. We will explain the computational disadvan-
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tage of the LP-based learning algorithms in [Ferreira et al.| (2018]) and the limitations
of the primal-dual algorithm framework in |Badanidiyuru et al.| (2013). We also con-
duct numerical experiments to compare the performance of different algorithms and

will present the results in Section [4.3.3]

4.2.3 Algorithm

We present our computational efficient Thompson Sampling algorithm Fast-TS in
Algorithm [l The algorithm is based on a primal-dual framework: in the primal
space, we optimize price decisions based on sampled demand parameters, and in the
dual space, we update a vector of dual variables \;, each associated with a resource
inventory constraint [; for j € [M]. Intuitively, these dual variables measure the

value, i.e., opportunity cost, of each unit of the corresponding resource.

In the initialization step of the algorithm, we define the domain of the dual vector
by
Q={A[A>0, [\l <A}, (4.1)

which requires each dual variable to be non-negative and the dual vector’s 1-norm
to be bounded by a constant A. When the selling horizon begins, in Step 1, we first
use the Thompson sampling method to estimate the mean demand for each price
vector. Then in Step 2, we select the price vector that maximizes the estimated
mean pseudo revenue where the price of each product is subtracted by the estimated
cost of the associated resources. After observing the realized demand, we update the
posterior distribution of the demand parameters and the values of the dual variables
respectively in Step 3 and Step 4. The update of posterior distribution follows that of
the Thompson sampling algorithm, and the dual variables are updated by the online
gradient descent method that is described in Algorithm [5| given objective function
g+(\) and step size ;. The algorithm stops when at least one of the resources is out

of inventory.
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Algorithm 4 Fast Thompson Sampling (Fast-TS)
0. Initialization. Define dual domain . Set A;(0) = 0 and [;(0) = I; for all

Jj € [M].

For each time period t =1,...,T":

1. Sample demand. Sample 0(t) from © according to the posterior distribution of
0(t) given history H; ;. Let d;x(t) be the mean demand given 6(t).

2. Optimize pricing decisions. Offer the optimal price vector with index k(t)

such that
N

k(t) = arg max (pik - )\j(t)@ij) dix(t). (4.2)

ke[K+1] —

3. Update estimate of parameter . Observe demand D(t). Update the history
‘H, = H;_1 and the posterior distribution of 6 given H;.
4. Update parameter ). Define function

9t(N) = Z Aj - ()T — Z%’D(t))- (4.3)

Update A(t + 1) by Online Gradient Descent with step size 7, = C//t.
5. Stopping condition. Update the inventory of each resource j € [M]. If there

exists j such that inventory [;(¢) < 0, then Exit.

Algorithm 5 Online Gradient Descent
Initialization. Set n, = C'/v/t. Calculate 7g;(\(t)) given g;(\).

Update. Calculate ' = A(t) — n: - 79 (A(2)) -
Projection. Calculate A(t + 1) = IIo()\).

The update of the dual variables in Algorithm [5| is based on the online gradient
descent (OGD) algorithm for an online convex optimization (OCO) problem. Specif-
ically, the OCO problem is

N

t=1 j=1 i=1

~

<

N
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We will later see in the analysis (Section that the optimal solution to this OCO
problem actually corresponds to the optimal value of opportunity cost associated
with each resource inventory constraint. Let I,;, be the minimum inventory, namely,
@in = minjepg I, and Iyay the maximum inventory, namely, Inmac = max;epg £;. In
addition, let p/ be the maximum revenue that can possibly be achieved by adding

one unit of resource j, namely, p’

Jax = MaXa, 0ke[k] (Pik/ai;). We set the 1-norm

upper bound of dual vector A in domain € as

M
A: maX/Imm Zp]max (4'5)
7j=1

For step size n, = C/v/t, we have C = D/G where D is the diameter of domain €,
and G is the upper bound of the norm of gradient || 57 g;(\)||. We set D = v/2 A, and
will specify the value of G later in Section |4.3.2]

We note that the online gradient descent algorithm involves a projection step.

Given ), the projection to domain €2 is mathematically defined as
no_ : oy
[Io(\) = arg min A= N (4.6)

This projection result can be efficiently calculated without solving any LP. See Duchi

et al.| (2008). We provide the detail of the projection algorithm in the Appendix.

4.2.4 Comparison to LP-based Thompson Sampling

Ferreira et al.| (2018)) provide two LP-based Thompson sampling algorithms, denoted
by TS-Fixed and TS-Update, to solve the online network revenue management prob-
lem. Those algorithms also use Thompson sampling as the learning backbone, as
in Step 1 and Step 3 of our algorithm Fast-TS. The difference is that in Step 2,
both TS-Fixed and TS-Update need to solve the following LP that uses the sampled
mean demand d(¢) as inputs to optimize the price decisions. Specifically, algorithm
TS-Fixed uses fixed inventory constraints ¢; = I;/T and algorithm TS-Update uses

updated inventory constraints that replace ¢; with ¢;(t) = I;(t — 1) /(T —t + 1).
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Zpikdz‘k(t>> T (4.7)

s.t. Z (Z aijdik(t)> x, < ¢j, Vj € [M] (4.8)
» w <1, (4.9)
x>0, Vk € [K]. (4.10)

In comparison to algorithms TS-Fixed and TS-Update, our algorithm Fast-TS fea-
tures a primal-dual framework that does not require solving any LP. Specifically, our
algorithm uses dual variables to measure the tightness of the inventory constraints.
These dual values correspond to the value (i.e. opportunity cost) of each unit of
the resources, and are thus taken into account in the price optimization step (Step
2) of Fast-TS. By Lagrangian relaxation, we know the price decisions given by our
algorithm can approximate the solution of the LP in TS-Fixed when these dual vari-
ables converge to their optimal values. Therefore, we can show that our algorithm
has a similar performance guarantee as TS-Fixed. Moreover, since our algorithm is
LP-free, it has the advantage in computations, and can thus outperform TS-Fixed
significantly in terms of computational efficiency, especially for large-scale systems

for which solving an LP in each iteration is very time expensive.

4.2.5 Comparison to primal-dual bandit with knapsack

By formulating the online network revenue management problem as a multi-armed
bandit problem with resource constraints, we can also apply the primal-dual algorithm
PD-BwK that is proposed in Badanidiyuru et al| (2013) to solve our problem. The
algorithm PD-BwK uses UCB as the learning backbone, and is designed for problems
with no prior knowledge. In each iteration, it estimates the upper bounds on revenue,
lower bounds on resource consumption, and the dual price of each resource, and then

selects the price vector that has the highest revenue-to-resource-price (“bang-per-
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buck") ratio.

Although PD-BwK is also based on an LP-free primal-dual framework, the algo-
rithm has limitations compared to our algorithm Fast-TS. First, the original algo-
rithm assumes that the revenue and resource consumption under each price vector is
bounded by [0, 1] and [0, 1]™, and it uses the multiplicative weights update method to
learn the optimal dual values. However, in the case where these bounds do not hold
(e.g. Poisson demand process), we cannot apply the algorithm directly because its
dual update method fails to specify the range of the optimal dual solution correctly.
Second, PD-BwK is not as flexible as Fast-TS. In particular, algorithm PD-BwK and
its analysis can hardly be adopted to the contextual setting, while our algorithm’s
primal-dual framework can be easily extended. More details about the extensions of

our algorithm are provided in Section [£.4]

4.2.6 Examples

We use the following two examples to elaborate the update process of the Thompson
sampling algorithm in Step 1 and Step 3 of algorithm Fast-TS that is provided in
Algorithm [4

Example 1. Bernoulli demand with independent Beta prior. We assume
the demand for each product and all prices is Bernoulli distributed, and the unknown
parameter 6 denotes the mean demand rate d(6). We also assume that 6 has a Beta
prior distribution, which is conjugated to the Bernoulli distribution. More specifically,
we assume the prior distribution of mean demand d;;(#) is uniform in [0, 1], which is
equivalent to a Beta(1, 1) distribution, and is independent for all ¢ € [N] and k € [K].

The update of posterior distribution is easy to calculate. Let Ni(t — 1) be the
number of periods that the retailer uses price p, in the first ¢ — 1 periods, and
Wir(t — 1) the number of periods that product i is purchased under price py. In
step 1 of the algorithm, we sample d;;(6) independently from the posterior distribu-
tion Beta(Wip(t — 1) + 1, Ni(t — 1) — Wi(t — 1) 4+ 1) for each product ¢ and price
vector k. In step 3, given selected price vector k(t) and observed demand D;(t)

for product ¢, we update the posterior distribution of 8 by updating the parameters
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Niwy(t) < Niy(t — 1) + 1 and Wik (t) < Wik (t — 1) + D;(t) for all i € [N]. The
posterior distribution associated with the unchosen price vectors k # k(t) are not
changed.

Example 2. Poisson demand with independent Gamma prior. We assume
the demand for each product and all prices is Poisson distributed, and the unknown
parameter # denotes the mean demand rate d(f). We also assume that 6 has a Gamma
prior distribution, which is conjugated to the Poisson distribution. More specifically,
we assume the prior distribution of mean demand d;;(0) is exponential with CDF
f(z) = e™*, which is equivalent to a Gamma(1, 1) distribution, and is independent
for all i € [N] and k € [K].

The update of posterior distribution is also easy to calculate. Let Nj(t—1) be the
number of periods that the retailer uses price py, in the first t—1 periods, and Wy (t—1)
the total demand of product ¢ under price pg. In step 1 of the algorithm, we sample
d;,(8) independently from the posterior distribution Gamma (W (t — 1) 4+ 1, Ni(t —
1)+1) for each product i and price vector k. In step 3, given selected price vector k(t)
and observed demand D;(t) for product i, we update the posterior distribution of 6 by
updating the parameters Ny (t) <= Ny (t—1)+1 and Wi (1) < Wige (t—=1)+D;(2)
for all i € [N]. The posterior distribution associated with the unchosen price vectors

k # k(t) are not changed.

4.3 Performance Analysis

In this section, we are focused on answering the following two questions. First, what
is the performance guarantee of our algorithm in terms of its convergence rate to the
optimal pricing policy that knows the true demand parameters? Second, what is our
algorithm’s computational efficiency compared to other algorithms in the literature?
We provide in Section [£.3.2] and Section [4.3.3] respectively, answers to these two
questions. In addition, building on the numerical results, we will discuss the trade-off
between an algorithm’s performance guarantee and its computational efficiency in

Section [4.3.3]
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4.3.1 Benchmark

We use regret to evaluate an algorithm’s performance guarantee, which is defined as
the revenue loss of an algorithm relative to the (benchmark) optimal pricing policy of
a clairvoyant that knows the true demand parameter. Specifically, given true demand

parameter 6, we define regret the in T selling periods by

Regret(T,0) = E[Rev*(T) | 6] — E[Rev(T) | ] (4.11)

where Rev*(T') is the revenue achieved by the optimal policy of a clairvoyant, and
Rev(T) is the revenue achieved by an algorithm that does not know 6. The conditional
expectation is taken over random demand realizations given #, and any randomization

within the algorithm.

We also define the Bayesian regret by

BayesRegret(7') = E[Regret(T, 0)], (4.12)

where the expectation is taken over the prior distribution of 6.

The revenue of the optimal policy with known demand parameter can be found by
dynamic programming. However, this approach is computationally intractable due to
the curse of dimensionality. |Gallego Van Ryzin (1997) have shown that the optimal
revenue can be upper-bounded by the following linear program. Given true demand

parameter 0, we denote the LP by LP(#), and the mean demand by d(6).

LP(6) : z[_{: (Zmdm ) (4.13)
st. é (ﬁ; aijdik(9)> 7 < ;_] vj e [M] (4.14)

ixk <1, (4.15)

g:lz 0, Vk € [K]. (4.16)



Let OPT(#) be the optimal value of LP(#). By the result shown in Gallego
Van Ryzin| (1997), we have

E[Rev*(T) | 6] < OPT() - T. (4.17)
Therefore, we have
Regret(T,0) < OPT(0) - T — E[Rev(T) | 6], (4.18)
and
BayesRegret(T) < E[OPT(9)] - T — E[Rev(T)]. (4.19)

4.3.2 Analysis of Fast Thompson Sampling

We provide the Bayesian regret bound of FastTS in Theorem. In the analysis,
we assume that the observed demand for each product i € [IN] under any price vector
pi for k € [K] is bounded, namely, D;(t) € [0,d;]. The regret result involves the

following constants:

N
max = Inax aidi, 4.20
q e ; J ( )
N
Tmax = INa. i Jz +A max 4.21
ke[;;(] ;p k q ( )

G = v'M max {qmax, %} (4.22)

where @nax is the maximum resource consumption in each period for any resource
J € [M]; rmax is the maximum pseudo revenue that takes into account both the price
of each product and the unit cost of each resource; and G is the maximum sub-
gradient, i.e., Lipschitz parameter, of the dual objective function g;(\). Recall from

(4.4) that A is the bound of the dual values given by A = (Iax/Imin) - Z]Ail .

where [, = minje[M] [j> Lnax = maX;e[m [ja and P]ﬁlax = MaX;.q,;,#0,ke[K] (pik/@ij)-
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Theorem 4.1. The Bayesian regret of FastTS is bounded by

2
BayesRegret(T) < 18rmaxv/ KT log K + %_GA\/T + Quax ( TlogT + 1) .
(4.23)

Proof outline. The regret analysis of algorithm FastTS is based on a primal-dual
framework. Given dual multipliers \; for j € [M], each associated with a resource
constraint, we can define the Lagrangian dual problem of LP(6) by the following LP,
denoted by LP(A, 6).

LP(/\, Q) : Hl;iX Z (Z <pz’k: - Z Aj‘%’j) dzk(9)> Ty + Z )\j]% (424)

k=1 \i=1 j=1 Jj=1
K
st Y wp <1, (4.25)
k=1
x, >0, Vk € [K]. (4.26)

Let the optimal value of LP(\, #) be OPT (A, #). By weak duality, we have OPT(6) <
OPT(A(t),0). Denote the optimal solution of LP(A(t),#) by x*(¢), and the pricing de-
cision of our algorithm in period ¢ as x(t), i.e., zx(t) = 1(k = k(t)). We can decompose

OPT(A(t),0) by OPT(A(%),6) = R(t,0)+ A (t,0)+Ax(t,0)+As(t,0), where we define

R(t,0) = g i pikdik(9)> o (4.27)
A(t,0) = kil EN; (m - iAj(t)aij> dik(9)> (] — 24(t)) (4.28)
A(t,0) = é ]—71 = kZ: (é aijDi(t)> xk> (), (4.29)
As(t,0) = ﬁ; ,é <§: ai; (Di(t) — dik<9))) xk> i(t). (4.30)



Suppose the algorithm ends in period 7. By the decomposition, we obtain

T

Z 7> 1) OPT(0)

=1

i R(t,0) + Aq(t,0) + Aq(t, 0) + As(t,6)| . (4.31)

t=1

<E

By definition, > ;_, R(t,6) denotes the total revenue achieved by the algorithm,
Y11 Aq(t, 0) corresponds to the regret in the primal pricing decision space, Y ,_, Aq(t,6)
corresponds to the regret in the dual resource value space, and »_;_, As(t,0) corre-
sponds to the stochastic error in demand, which connect the primal space and the

dual space.

To show the regret bound in (4.23)), we need to provide the upper bound for each

A component respectively. Specifically. we will show

E > At 0)| < 18rmuy/KTlog K, (4.32)
L t=1 d

E ZT:AQ(W) <E[(r —T)OPT(8)] + \/_GA\/_ (4.33)

E Z As(t,0)| < g (x/:r log T + 1) . (4.34)
Lt=1 i

Remark. The Bayesian regret bound of the LP-based Thompson sampling algo-
rithm TS-fixed that is proposed in Ferreira et al.| (2018) is

M N
BayesRegret (7)) < <18pmaX + 38 Z Z pﬂlaxaijdi> v KT log K

Jj=1 =1

where d; the upper bound of D;(t), pl. = MaX.q,; 20 ke[K] (Pik/ij) and Pmax =
MaXye(K] Zi:l pir - d;. See Theorem 1 in [Ferreira et al. (2018). Compare our algo-
rithm’s Bayesian regret with the result in [Ferreira et al. (2018). We observe that
both algorithms obtain a Bayesian regret of order O(v/TK log K ), and the constants
are upper bounded by the same order of dependence in M and N. Moreover, both
results are prior-free as they do not depend on the prior distribution of parameter 6,

and the constants can be computed without knowing the demand distribution.
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4.3.3 Numerical Experiments

In this section, we numerically compare our algorithm FastTS with other algorithms
in the literature through several examples. When measuring the performance of an
algorithm, we focus on the following two dimensions: (i) the algorithm’s average rev-
enue and (ii) the algorithm’s average running time. These two dimensions respectively
represent an algorithm’s optimality and computational efficiency. For consistency, the
examples we use are identical to the ones in the numerical section of Ferreira et al.

(2018) and Besbes Zeevi (2012]).

Single-Product Example

Consider a retailer selling a single product (N = 1) that consumes a single resource
(M = 1) throughout a finite selling horizon of T' periods. The set of feasible prices
is {$29.9,$34.9,$39.9$44.9}, and the mean demand is d($29.9) = 0.8,d($34.9) =
0.6,d($39.9) = 0.3,d($44.9) = 0.1. As is common in revenue management literature,
we show numerical results in an asymptotic regime when the inventory is scaled
linearly with time. Given I = o7, we consider two scenarios of initial inventory
where o = 0.25 and a = 0.5.

We evaluate and compare the following dynamic pricing algorithms.

e FastTS: defined in Algorithm 4l We use the independent Beta prior as in Ex-
ample 1.

e TS-Fixed: the algorithm proposed in [Ferreira et al. (2018), which solves LP(t)
with ¢; = I;/T. See Section . We use the independent Beta prior as in
Example 1.

e TS-Updated: the algorithm proposed in Ferreira et al.| (2018)), which solves LP(t)
with ¢;(¢t) = I;(t — 1)/(T —t + 1). See Section [£.2.41 We use the independent
Beta prior as in Example 1.

e BZ: the algorithm proposed in |Besbes Zeevi| (2012), which first explores all
prices and then exploits the best pricing decisions by solving an LP once. In

our implementation, we divide the exploration and exploitation phases at period
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T = T?/3 as suggested in their paper.

e PD-BwK: the algorithm proposed in [Badanidiyuru et al. (2013)) that uses the

UCB algorithm to estimate demand d(¢) and uses a primal dual algorithm to

solve LP(t). See the description in Section [4.2.5]

e TS: the original Thompson sampling algorithm presented in Thompson| (1933)),

which does not consider inventory constraints.

We measure the optimality performance of an algorithm using the average per-
centage of “optimal revenue" achieved over 500 simulations. By “optimal revenue”, we
are referring to the optimal value of LP(6), described in Section [4.3.2] and we know
the optimal value is an upper bound on the optimal revenue where the retailer knows
the true demand parameter 6 prior to the selling season. In terms of computation per-
formance, we use the average running time of an algorithm over the 500 simulations
to describe the algorithm’s computational efficiency. Figure [§-1 and Figure [4-2] show

the performance results for the two scenarios @ = 0.25 and a = 0.5, respectively.

Percent of Optimal Revenue Running Time (seconds)
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Figure 4-1: Performance comparison of different algorithms: single product example
with I = 0.257T.

First, we notice that all the tested algorithms that takes into inventory constraints
i.e., BZ, TS-Fixed, TS-Updated, PD-BwK, FastTS, converge to the optimal revenue as
the length of the selling season increases, while algorithm TS does not. This is because
the optimal strategies in both examples are a mixed strategy: when I = 0.257", the
optimal pricing policy is to offer $39.90 to 3/4 of the customers, and offer $44.90

to the remaining 1/4 of the customers; and when I = 0.57, the optimal pricing
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Figure 4-2: Performance comparison of different algorithms: single product example
with I = 0.5T'.

policy is to offer $34.90 to 2/3 of the customers, and offer $39.90 to the remaining
1/3 of the customers. In both cases, TS converges to the suboptimal price $29.90
since this is the price that maximizes the expected revenue given unlimited inventory.
This convergence result illustrates the necessity of incorporating inventory constraints

when developing a dynamic pricing and learning algorithm.

Second, we notice that TS-Updated, TS-Fixed and our algorithm FastTS outper-
form other algorithms in terms of optimality. In particular, TS-Updated and FastTS
show the best optimality performance. In addition, the optimality gap between any
two different algorithms increases when (i) the length of the selling season is short
and (ii) the ratio I/T is small. This shows that a good algorithm is able to quickly
learn the true demand parameter and identify the optimal pricing strategy, which is
very useful for low inventory settings.

Last, we notice from the running time comparison results that algorithms TS-
Updated and TS-Fixed have a very long running time because both algorithms require
to solve an estimated LP in the beginning of each selling period. For other algorithms,
BZ only need to solve an LP once at the beginning of the exploitation phase, and
algorithms FastTS and PD-BwK are LP-free since they are both based on a primal-
dual framework. The running time of these three algorithms are much smaller than
that of TS-Updated and TS-Fixed. Moreover, the performance gap in computational

efficiency between the LP-heavy algorithms and LP-light algorithms becomes more
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significant as the length of the selling horizon increases.

If we evaluate an algorithm comprehensively from both dimensions, namely, opti-
mality and computational efficiency, we observe that FastTS has the most outstanding
performance. In terms of optimality, the performance of FastTS closely follows the
algorithm with the highest average revenue, namely, TS-Updated. In terms of com-
putational efficiency, the running time of FastTS is as low as the BZ and TS, which
are the ones that have the lowest computational cost. In other words, among all the
algorithms we test, no single algorithm can outperform FastTS in both dimensions at

the same time.

Multi-Product Example

Consider a retailer selling two products (N = 2) that consume three resources
(M = 3). The consumption of resources for each product, also known as the bill-
of-materials, is as follows: one unit of product ¢ = 1 consumes 1 unit of resource
j = 1 and 3 units of resource 7 = 2; one unit of product ¢ = 2 consumes 1 unit of
resource 7 = 1, 1 unit of resource j = 2, and 5 units of resource 7 = 3. The set of fea-
sible prices is (p1,p2) € {(1,1.5),(1,2),(2,3),(4,4),(4,6.5)}. We assume customers
arrive according to a multivariate Poisson process. We consider the following types
of demand functions.

1. Linear: d(p1,p2) = (8 — 1.5p1,9 — 3p2),

2. Exponential: d(py,ps) = (570571 9eP2)

3. Logit: d(p1,p2) = (1%t % s )
For each type of demand function, we consider two scenarios of initial inventory

I = aT where a = (3,5,7) and o = (15,12, 30), respectively.

We compare algorithms BZ, TS-Fixed, TS-Updated and our algorithm FastTS for
this example. As mentioned in Ferreira et al.| (2018), algorithm PD-BwK that is pro-
posed in |[Badanidiyuru et al. (2013 does not apply to the setting in which customers
arrive according to a Poisson process, so we do not include this algorithm in the com-
parison. For Thompson sampling based algorithms, we use the independent Gamma

prior as described in Example 1.
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As in the single-product example, we measure the optimality performance of an
algorithm using the average percentage of “optimal revenue" achieved over 500 simula-
tions, and measure the computational performance of an algorithm using the average
running time of an algorithm over the 500 simulations to describe the algorithm’s
computational efficiency. In the following plots, Figure and Figure [4-4) show the
performance results for the linear demand function with o = 3 and a = 15, respec-
tively. Figure [4-5] and Figure [4-6] show the performance results for the exponential
demand function with & = 5 and o = 12. Figure [4-7] and Figure show the

performance results for the logit demand function with @ = 7 and o = 30.
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Figure 4-3: Performance comparison of different algorithms: multiple product linear
demand with I = 37"
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Figure 4-4: Performance comparison of different algorithms: multiple product linear
demand with I = 157'.
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Figure 4-5: Performance comparison of different algorithms: multiple product expo-
nential demand with I = 57"
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Figure 4-6: Performance comparison of different algorithms: multiple product expo-
nential demand with [ = 127"

The experiments results for these multiple product examples under different de-

mand functions are consistent with our observations in the single product example.

In the optimality dimension, algorithm TS-Updated provides the best performance in

most of the cases (except for the case of logit demand with I = 307"), followed by

algorithm TS-Fixed and our algorithm FastTS. In the computational efficiency dimen-

sion, algorithm BZ provides the best performance, followed by algorithm FastTS. In

a comprehensive evaluation of both dimensions, FastTS performs the best.



Percent of Optimal Revenue Running Time (seconds)

1.0 A j ] A\~ BZ
_ T —-_—-—A 200 TS-Fix -
- ————— i | TS-Update
——
0.9 1 = R o FastTS
. - »

- 150 A

0.8 1, -

100 A
0.7 4

0.6 A BZ 50
TS-Fix y
4 TS-Update ) L)
0571 s FastTs 0 P = _*.___.__-_. — ..*
2 3 4 2 3 4
log10(T) log10(T)
(a) (b)

Figure 4-7: Performance comparison of different algorithms: multiple product logit
demand with [ = 7T.
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Figure 4-8: Performance comparison of different algorithms: multiple product logit
demand with I = 307

4.4 Extensions and Further Applications

We discuss in this section extensions of our primal-dual algorithm and the correspond-
ing analysis framework to a variety of settings in online network revenue management,

and show the broad applicability of our approach in practice.

4.4.1 Contextual Model

We can extend our model and algorithm to the contextual setting where the retailer
has access to some exogenous information, including customer attributes, product

features, seasonality, etc, and can customize the pricing decisions based on such con-
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textual information.

Model and Algorithm. Suppose that at the beginning of each time period ¢t €
[T'], the retailer observes a context or feature £(t). We assume £(t) belongs to a discrete
set X', and is sampled i.i.d. from the set under a known probability distribution. After
observing the context £(t), the retailer selects a price vector P(t) € {p1,...,PK,Poo}s
and then observes demand D(t). Given any & € X, we assume that the demand
under price vector py for any k € [K] is i.i.d. sampled from distribution with CDF
F(z1,...,2N;pK, &, 0). The distribution is parametrized by an unknown vector 6 € ©.
We denote by di(€ | 8) the mean demand of product ¢ € [N] under price vector py
given context ¢ and parameter . We also assume that the retailer knows a prior
distribution of # at the beginning of the selling season. The retail’s objective is to

maximize the expected revenue over the entire selling horizon.

We present our algorithm Fast-TS-Context for this model in Algorithm [6] In the
initialization step, we define the domain of the dual variables A, which is the same
as shown in . When the selling season starts, in Step 1, we first sample demand
parameter 6(t) according to its posterior probability distribution, and calculate the
mean demand estimation d;;(£(t)) given observation £(t). In Step 2, we optimize the
price by selecting the price vector that maximizes the pseudo revenue given d;;(£(2)).
Here, the definition of pseudo revenue follows that in Algorithm [4] After observing
customer’s demand D(t), we update the posterior distribution of € in Step 3, and
update the dual variable A(t) by the online gradient descent algorithm described
in Algorithm [5| in Step 4. The definition of the dual function also follows that of
Algorithm [

Note that Fast-TS-Context follows the same framework as FastTS. The only dif-
ference lies in the primal space, where we make several simple modifications in the
Thompson sampling steps and the price optimization step to include the contextual
information &(¢). The update of the dual variables is not changed since the dual space
of the problem stays the same. In fact, the problem defined in Section [4.2.1] can be

considered as a special case of this contextual model where we have |X| = 1.
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Algorithm 6 Fast Thompson Sampling for Contextual Pricing (Fast-TS-Context)
0. Initialization. Set A\;(0) = 0 and [;(0) = I; for all j € [M]. For each time period

t=1,....,T:

1. Sample demand. Sample (¢) from © according to the posterior distribution of
0(t) given history H;_.
2. Optimize pricing decisions. Observe context &(t). Let dix(&(t) | 6()) be the

mean demand given 6(t). Offer the optimal price vector with index k(¢) such that

k(t) = arg max (p,k — Z)\ az]> x(E() | 6(1)). (4.35)

ke[K+1]

3. Update estimate of parameter . Observe demand D(t). Update the history
Hy = Hior U{E(t), P(t), D(t)} and the posterior distribution of 6 given H,.
4. Update parameter \. Define function

g(\) = Z A - (LT — Z a; D(t)). (4.36)

Update A(t + 1) by Online Gradient Descent with step size 7, = C/v/t.
5. Stopping condition. Update the inventory of each resource j € [M]. If there

exists j such that inventory [;(¢) < 0, then Exit.

Performance Analysis. The Bayesian regret bound of Fast-TS-Context is pro-
vided in Theorem. [£.2] Comparing this results with that in Theorem. 4.1} we observe
that the regret from the dual update procedure and the stochastic errors in D(t) stay
the same. The only difference of analysis is in the primal space, where we need to
take into account context £(¢). In addition, the result in Theorem. also shows
the same order of regret as in Theorem 4 of [Ferreira et al.| (2018) where the authors

consider an extension of algorithm TS-Fixed to the contextual setting.

Theorem 4.2. The Bayesian regret of Fast-TS-Context is bounded by

3
BayesRegret(T) < 187/ [X[KT 10g K+5GAVT + g ( TlogT + 1) . (4.37)
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We notice that the regret bound in Theorem. depends on the size of the
feature space by O( \/m ), and is meaningful when |X| is small compared with 7.
The result is also compatible with the regret bound shown in |Agrawal et al.| (2016b)
for the contextual bandit problem with resource constraints. Specifically, given the
set of admissible policies that maps X to {p1,...,pr}, the regret is upper bounded
by O(y/KTlog(T|I1])). Take |[II| = K*, and we recover the regret bound in our
theorem (up to log factors).

The proof of Theorem. shares a similar analysis structure to Theorem. as
discussed in Section £.3.2l The benchmark is now

[ K
LP(9) : max Eg > (Z pirdix(€]6) ) Te (4.38)

Lk=1 |
[ K I
st Be | (Z ag;dir, (€]6) > rew| < Vi € [M] (4.39)
Lk=1
Z:cg,k <1, VEeX (4.40)
Te ke >0, Vf S X, Vk € [K] (441)

where we use E¢ [-] to denote the expectation over context £(t) given its known prob-
ability distribution. This expectation appears both in the objective and in the con-

straints.

4.4.2 Linear Contextual Model

In this section, we extend our model and algorithm to the linear contextual setting
where we assume demand is a linear function of context. In many practical applica-
tions, context £(t) is defined on a high-dimensional space R? rather than a discrete
set, and thus the number of contexts |X| can hardly be bounded, rendering the re-
sults in the previous section meaningless. In this case, we can adopt a linear model
to parameterize a customer’s demand under different prices.

Model and Algorithm. Let y(&, k) denote the function that maps the contextual

information associated with context £ € X and price vector py for k € [K] to a vector
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in R%. In each time period ¢ € [T], given observed context £(¢) and selected price
vector k(t), define y(t) = y(£(t), k(t)). We assume that D(t) = W Ty(t) + &(t) where
W is a parameter matrix in R and (¢) is a demand noise vector in RY. We also
assume () is sampled independently from a known multivariate normal distribution
with zero mean. The demand parameter § = W is unknown, and the retailer knows

a prior distribution of 6 over ©.

We present our algorithm Fast-TS-LinContext for this model in Algorithm [7] The
algorithm shares the same framework as Algorithm [{] and Algorithm [6] The only
difference is that in step 2, we calculate the mean demand d;(£(¢) | 6(¢)) under each

price vector py using linear function 8" y(t) given context y(t) = (£(t), k).

Algorithm 7 Fast Thompson Sampling for Contextual Pricing (Fast-TS-Lin-Context)
0. Initialization. Set A\;(0) = 0 and [;(0) = I; for all j € [M]. For each time period

t=1,....,T:

1. Sample demand. Sample (¢) from © according to the posterior distribution of
0(t) given history H;_;.
2. Optimize pricing decisions. Observe context &(t). Let d;ix(&(t) | 6(f)) be the

mean demand given 6(t). Offer the optimal price vector with index k(¢) such that

k(t) = arg max (m ZA %> (6@ | 0()). (4.42)

ke[K+1]

3. Update estimate of parameter . Observe demand D(t). Update the history
Hy = Hior U{E(t), P(t), D(t)} and the posterior distribution of 6 given H,.
4. Update parameter \. Define function

g\ = Z A - (1T — Z ai; D(t)). (4.43)

Update A(t + 1) by Online Gradient Descent with step size 7, = C//t.
5. Stopping condition. Update the inventory of each resource j € [M]. If there

exists j such that inventory [;(¢) < 0, then Exit.
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Note that in the model, we assume a discrete price set, and thus we can optimize
price decisions by sorting different choices of prices without solving any LPs. If we
assume the retailer chooses prices from a continuous price set, we may need to run
the price optimization via a linear program. For example, |[Ferreira et al.| (2018)) con-
sider a context-independent setting where price P(t) = [P;(t)];cn) is from a bounded
polyhedral set P, and demand is given by linear function D(t) = a + BP(t) + &(t)
with (a, B) € RV*(V+1)In this setting, we have in step 2 the following optimization
problem in period ¢:

P
P=E 3

P(t) = arg max (p - Z A (t)al-j) (a(t) + B(t)p), (4.44)

where a(t) and B(t) are sampled from their posterior distributions. Since this opti-
mization problem does not involve any inventory constraints, we can expect that our
primal-dual algorithm framework still has the advantage in computational efficiency
if the feasible price set P is not too complicated.

Performance Analysis. The Bayesian regret bound of Fast-TS-Lin-Context is
provided in Theorem. [4.3] In comparison with the result in Theorem. [£.1} we observe

that the only difference is from the regret of the primal decisions.

Theorem 4.3. The Bayesian regret of Fast-TS-Lin-Context is bounded by
3
BayesRegret(T) < rmaxO (dN log Tﬁ) —|—§G’A\/T+qmaXA ( TlogT + 1) . (4.45)

We highlight that the regret bound of algorithm Fast-TS-Lin-Context does not de-
pend on the number of price vectors and the number of contexts, but on the dimension
of the demand function class, which is amount to the number of unknown parameters
in our case. Specifically, we know 6 = W C R™¥ and this leads to the regret bound
O (dN10g TVT) in (E15).

The proof of Theorem. follows the same analysis framework as Theorem. [£.2]
In the analysis, we build a connection between the dynamic pricing problem and the

multi-armed bandit problem where the reward of choosing price vector k is given
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by the pseudo revenie -, (pa = X211 Ay(tha ) du€(8) | 6(2)), with d(€(0) | 6(2)

being a linear function in context y(t) = (£(¢),k). We build connection between

our problem with the linear bandit problems in Rusmevichientong Tsitsiklis (2010)),

Agrawal Devanur (2016) and [Russo Van Roy| (2014)) to analyze the regret bound of

our algorithm.
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Chapter 5

Concluding Remarks

In this chapter, we summarize the previous works and discuss future research direc-

tions based on the models and algorithms we study in each chapter.

5.1 Summary and Future Research Directions

Online matching with Bayesian rewards

We study in Chapter 2 an online matching problem where a central platform needs
to match finite resources to users that arrive sequentially over time. The reward of
each matching option depends both on the the type of resource and the time period
the user arrives. The matching rewards are assumed to be unknown, but the prior
and posterior updating rules are known a priori. The goal is to maximize the total
reward from all matching options without violating the resource capacity constraints.

The matching problem features a Bayesian learning environment and a non-
stationary reward distribution over time. In addition, the budget constraints are
described both by the number of available impressions of each resource and by the
number of users in each time period. The main contribution of the paper is that we
propose an algorithm for the matching problem that achieves a constant fraction of
the optimal reward. In particular, our algorithm is based on smartly assembling the

single-arm policies that are obtained from the solutions to a linear program. In the
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technical analysis, we show that our algorithm improves the previous results in |(Guha
Munagala (2013)), and we also provide geometric intuitions in proving the algorithm’s
performance guarantee.

Future research directions. The algorithm framework we developed in the
chapter can be further extended. First, in the work, we consider deterministic ar-
rivals, and we believe the techniques can be extended to the setting of stochastic
arrivals. In fact, there exist tools in the online matching literature that can help us
handle the stochastic setting. Second, in the work, we aim to provide an approxima-
tion ratio guarantee for the non-stationary learning problem, while existing literature
mostly focuses on using regret analysis. Each of the two performance metrics has its
advantages and disadvantages, and we believe there are connections we can explore
between these two metrics. This topic also relates to the similarities and differences
between Markovian bandits and stochastic bandits. Moreover, we believe a tight-
ness analysis on the current performance ratio guarantee can make our results more
convincing. Last, in the matching problem, we focus on the efficiency of the central
platform and the goal to maximize the total rewards. In practice, the fairness between
different resource channels may also be a major concern to the central platform. In
this case, it is worth exploring the mechanism design of the allocation platform and
the operational restrictions that can help improve the efficiency of all resource chan-
nels. The impact of such fairness constraints in the online matching problem is an

interesting future research direction.

Online learning and optimization for add-on discounts

We study in Chapter 3 a revenue management problem with add-on discounts, which
is motivated by the unique structure between core products (video game consoles)
and supportive products (video games). We note that although the add-on discount
strategy has been used in the industry, it has not been formally studied in the lit-
erature, and our work fills this gap between theory and practice. In particular, we
develop an optimization formulation of the revenue management problem, and pro-

vide an FPTAS algorithm that can approximately solve the optimization problem to
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any desired accuracy. Moreover, we study the problem in the online setting where
the demand functions of different products are unknown. We propose a UCB-based
algorithm to solve the online problem, and show that the algorithm can obtain a tight

regret bound.

The results of this study provides useful managerial insights and strategical guid-
ance for retailers. In principle, the add-on discount strategy offers more flexibility for
product promotions, and retailers can increase their revenue (and profit) by adopt-
ing this strategy so as to incentivize customers to purchase more items. However,
in practice, the lack of past experience and the uncertainty of customer’s demand
could hold retailers back from implementing the strategy. In our numerical experi-
ments, which are based on the real-world data we collect from Tmall.com, we show
that the retailer can expect a revenue (profit) increase of 5% to 20% by using add-on
discounts. More importantly, in the more practical setting where the retailer has no
prior knowledge of the demand information, we show that the retailer can obtain a
long-term increase in revenue (profit) by using the add-on discount strategy while
learning the demand parameters on the fly. These numerical results demonstrate the

efficacy of using data-driven approaches in revenue management.

Future research directions. We point out several interesting future research
directions based on our work. First, our model motivates a more general add-on set-
ting where discounts are offered two-way. In this work, we categorize the products
into core products and supportive products, and assume that the retailer can only
offer add-on discounts on supportive products. In the more general setting, given two
or more selected sets of products, we may assume that the retailer can offer add-on
discounts to any set of products. Furthermore, in general product bundles, how to
model the relationship between different types of products is more challenging. In
the example of games and game consoles, we have various selections on the support-
ive products that are all compatible with the core product. This might not be the
case when we consider other examples like printers and inks, razors and replacement

blades, etc.

Second, building on the results of this paper, it worth exploring another innovative
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revenue management strategy called share-for-discounts. In share-for-discounts, cus-
tomers can collect bonus points by sharing the information of certain products with
their friends. Once the bonus points reach some threshold, a customer can get dis-
counts on the shared products as rewards. By using this strategy, retailers can reach
more potential customers through a customer’s personal social network. Therefore,
how to design a good data-driven policy for the share-for-discounts strategy would

be another interesting research direction.

Fast Thompson sampling for online network revenue management

We study in Chapter 4 a canonical price-based network revenue management prob-
lem where a retailer aims to maximize revenue from multiple products with limited
inventory over a finite selling season. We assume the demand of different products,
as functions of prices, contains unknown parameters, and the retailer must learn
them from the sales data. The main contribution of the work is that we propose
an primal-dual algorithm that combines the Thompson sampling technique and the
online gradient descent method. We not only provide Bayesian regret bound of the
algorithm, but also numerically show the algorithm’s computational efficiency.

The primal-dual framework we develop in the work provides a convenient tool for
both designing and analyzing algorithms. In particular, in the primal decision space,
we aim to learn the demand parameter by formulating the problem as a multi-armed
bandit, and in the dual decision space, we aim to learn the unit value of resource
by formulating the problem as an online convex optimization problem. Since the
framework does not require solving any LPs, our algorithm obtains the advantage in
computational efficiency in comparison to other LP-based algorithms in the litera-
ture. In the work, we also discuss extensions of the algorithm framework to various
contextual pricing settings.

Future research directions. We note that in our algorithm’s primal-dual
framework, we can easily replace the learning algorithms for both the the primal
and the dual problems with other alternatives. For example, we can replace the

Thompson sampling algorithm with UCB-type learning algorithms, and replace the

126



online gradient descent algorithm with follow-the-leader (FTL) algorithm or follow-
the-regularized-leader (FTRL) algorithm. It would be an interesting exercise to ana-
lyze the regret bounds of these algorithm variants, and show their numerical perfor-
mances. In addition, in our algorithm’s primal-dual framework, we consider the dual
online optimization problem with fixed resource inventory parameters. It is worth
exploring the dual problem with updated inventory values, and analyzing the perfor-
mance of the corresponding algorithm. Last, we highlight that the application of our
primal-dual algorithm framework is not limited to dynamic pricing, and it would be
an interesting research direction to explore extensions of our framework to assortment
optimization, online resource allocation, and all sorts of multi-armed bandit problems

with resource constraints.
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Appendix A

Technical Results in Chapter 2

A.1 Proof of Theorem

Proof. Consider an online algorithm that decides the action of pulling each arm based
on the joint state of the N x 7" arms. Let u;; € S;; denote the state of arm (i,1),
and u = Hi,t Uit € Hi,t Si+ the joint state of the N x T arms. Let X, (u;;) € {0,1}
denote whether or not arm (i,) ever enters state u;; and is pulled while the arm is
in state w; ¢, Z;1(u;r) € {0,1} the binary result of pulling arm (4,¢) while the arm is
in state w; ¢, and Y;+(u;4) € {0, 1} whether or not arm (i, t) ever enters state u; ;. The
online algorithm can be written as the mapping between the joint state of N x T arms
and the action Hi,t X +(u;t), namely, Hi,t Uiy — Hi,t Xii(uiy), for all states u;; € S},
with Zi,t Xit(uig) < 1.

By definition, a feasible online algorithm satisfies the constraints:

Z Z m uzt < Dy,

ZG[N] Uj, tGS

E g zt uzt = ia

te[T] Ui tESu’

Xir(uig) < Yig(uiy), Vuy € S£7t~

In addition, for each arm (i,¢) with ¢ € [V] and t € [T, the transition of the arm’s
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associated MDP follows the constraints:

for root state p;; = (0,0),
Y;,t(pi,t) =1,

for state u;; = (a,b) € S}, with a > 0,0 =0, and v;; = (a — 1,b),

Y;,t (uzt) = Xi,t ('Ui,t)Zi,t(Ui,t) )

for state u;; = (a,b) € Sj; with a =0,b > 0, and w;; = (a,b — 1),

Y;,t(uit) = Xi,t(wi,t)(]- - Zi,t(wi,t))a

for state u;; = (a,b) € S/, witha > 0,0 > 0, and v;; = (a—1,b), w;; = (a,b—1),
Yii(win) = Xig(vig) Zig(vig) + Xip(win)(1 — Zip(wiy)).

The accumulative reward of the online algorithm is given by

Z Z Z Xi,t(ui,t)Zi,t(Uz',t)-

€[N tE[T] ui, €],

Note that Z;(u;+) € {0,1} is a random variable. Moreover, due to the fact that
Xi(u;r) and Z; 4(u;,) are independent under the condition that arm (4,¢) is in state

u;y € Si,, we have

E[Xi,t(ui,t) : Zi,t(ui,t) ‘ Y;,t(ui,t) = 1]
:E[Xi,t(ui,t) | Yz‘,t(ui,t) = 1] 'E[Zi,t(ui,t) | Yi,t(ui,t) = 1]

=E[X;(uig) | Yie(ui) = 1] 'pg?’

where pgz) follows the definition in Section [2.2.3] namely, pgf;) = fol p- 6’5;) (p) dp.

Recall that Hl(jz) (p) is the density function of the posterior distribution of p;; in state
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u € S;;. The expected reward of the online algorithm is

o3> p EEX(ui) | Yi(uig) = 1)),

i€[N] te[T] ui, €8]

Now we define xg? and yl(jz) as follows.

219 = E[E[Xi o (uiy) | Yig(uig) = 1)1, 4% := E[Yio(uir)].

It can be easily verified that xl(? and yz(qz) are feasible solutions to LP. In addition,

we observe that the objective function of LP is equal to

SN A =3 S AYBEN () | Vi) = 1))

i€[N] te[T] ui€S], i€[N] te[T ui€S],

which is the exactly the expected reward of the online algorithm. Hence we know
that the expected reward of any online algorithm, and therefore, the optimal online

algorithm, is upper-bounded by the optimal value of LP.

A.2 Proof of Theorem 2.2

A similar theorem and its proof are provided in |Guha Munagalaj (2013) Theorem 2
(The Truncation Theorem). Since we have a different setting in this paper, we restate
the theorem and provide the proof as follows. The proof is built on the Martingale
Property (see Lemma , which implies the equivalence between the following two
ways of accounting the expected reward and expected cost of each arm’s single-arm
policy. (For simplicity, we remove the subscript m.)

(i) Let S denote the underlying state space of the arm’s MDP. Given single-arm
policy P(x,y, K), we have

R(P(xy,K))= > p"a1a+b<K)



K(P(xy K)) = > 2"1(a+b<K)

u:(a,b)eS

(i) Let ¢ denote the “path", i.e., state evolution in state space S that corresponds
to running single-arm policy P(-, K) till stop. Let ¢(q) denote the length of path ¢,
i.e., the associated number of pulls. We know ¢(q) < K for any ¢q. Let g(p, q) denote
the probability of seeing ¢ when the true reward p takes value p. Let R(P(-),p) denote
the expected reward and K(P(-, K), p) the expected cost of running single-arm policy

when the true reward takes value p. Then we have

R(P Zp 0(q) - g(p,q) and K(P Zz

In addition, we obtain
R(P(, K)) = Ep [R(Piu(-, K),p)] and K(P(, K)) = E, [R(Pi(-, K),p)],

where p follows the prior probability distribution 6°(-).

Now consider single-arm policy P(x,y,K). For each path ¢ that P(x,y, K)
encounters, policy P(x,y, 3K ) encounters the path with the very same probability,
except that the run of P(x,y, BK) stops after at least (5 fraction of the total number
of pulls. This means that for each path ¢, we have a truncated path with length
U'(q) > pl(q). Specifically, we have

o U'(q) = {q), if l(q) < BK;
e Bl(q) < U(q) <l(qg), if BK < l(q) < K.

Correspondingly, we have

R(P(BEK),p)=> p-L(9)-9(p,q) > Y p-Blg) - 9(p.q),
K(P(8K),p) =Y (a)-9(p,q) <D ) 9(p,q)
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By linearity of expectation, after taking expectation over p on both sides, we have
R(P(-,BK)) = B-R(P(-, K)),

K(P(-, BK)) < K(P(-, K)).

A.3 Proof of Theorem 2.3

By Proposition [2.1], we have for algorithm Prophet that

1 ~ \ ~
ALG > te% (1 -5 Z/cs> R, (A1)

s<t

Following the discussion in Section [2.3.2] we know the right-hand side of (A.1))
is lower-bounded by (e; + €3) - Y, R;. By Lemma , we have (e; +e3) > V2 — 1.

Therefore, we obtain

S (1—%2/@) Rz (V2-1) Y R

te[T) s<t te[T]

By Theorem we know ), R; > OPT. Therefore, we obtain ALG > (\/§ — 1) OPT.

A.4 Proof of Theorem 2.4

Proof. Given algorithm TS-Prophet, let n;; denote the number of times arm (i,t) is
pulled. Recall that B;(t) is the remaining budget of resource i at the beginning of
period t. By definition, we have

Bi(t) = B; — an for t € [T7.

s<t

Given the set of active arms (Qy, t) in time period t and Q; = |Qy, let I;(1), ..., [(Q:)

denote the order of running these @); prophet policies. Let D, (i) denote the remaining
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number of users (“budget") in time period ¢ when arm (i,¢) is pulled. By definition,

we have for the k-th arm (;(k),t) that

Dy(1(k)) = Dy = > nup,ya for k € [My].

Jj<k

Recall that the budget parameter of prophet policy P,t( K;) at the beginning
of time period ¢ is given by K;;, = min{B;(t), D;}. Given arm (i,t) € Q,, let I, *(4)
denote the index of arm (4, ¢) in order I;(1), ..., I;(Q;). Then the budget parameter of
prophet policy P;(K;;) when arm (i, ¢) is pulled is given by K, = min{B;(t), Dy(7)},
where Dy (i) := Dy — 32,10 ML)t

Recall that K, = K(P;,(min{ Bi(t), D:})).

Let K;; := K(Pi,(min{B;, D;})). For arm (i, 1), we have

E[ni) = E [E [ni, | K.,]] <E K] <E K] = Ko, (A.2)

where both inequalities follow from Theorem [2.2] (ii).
Recall that R, = R(P,,(min{B;(t), D,})), and R, = R(P;,(min{B;, D;})).

Let Ry := R(P;4(min{B;, D,})). Let ALG denote the expected reward of algo-
rithm TS-Prophet.

We have

ALG=E Z Z R(,}S’Lt(Kz/t))
| te[T] 1€Qy

1 ~
> E §ZR;t by

te[T} 1€Qy

-2 Y AL

’LE[N t i€Qy

> %E Z Z (1 — B% ans> ﬁi’t by Theorem (i)

i€[N] t:i€Qy v os<t
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1 ~
5' (1__ZZEnzs> 7t
1€[N] te[T) s<t
1 1 ~ ~
> 3 (1 "B Z ’Cz‘,s) Riy by (A.2)
i€[N] te[T] s<t
1
> 3 Z (V2-1) Z Ri: by Theorem [2.3]
i€[N] te[T]
1
S LCRID DI
1€[N] te[T)
1
> 5(\/5 —1) OPT by Theorem 2.1

A.5 Proof of Proposition

Proof. Consider an algorithm that uses Framework. For each arm m, let n,, be the
number of times arm m is pulled by the algorithm. Recall that K, := min{U,,, W}.
Let W,, be the remaining budget of budget W when the algorithm starts to pull
arm m, and define K/, := min{U,,, W,,}. Recall R! = R(Pn,(-,K,)) an K/ :=
K (P (-, Km))-

By Theorem [2.2| (i), we have

, K min{U,,, W, }
”2 . B > . R =
(Pm( ’ m)) - Km m in{Um, III}

"R,

Given order I(1),...,I(M), which is a permutation of 1, ..., M, we know Wy =
W — Zj<k n1(5)

Hence we have

min{UI(k), Wl(k)} Wl(k) 1
> > — | W - j
min{U;x), W} — W — W an(J)




Therefore, we know

1
R(Proy (- Kiw)) = 37 (W - ”10)) Rir)-
i<k

By Theorem (ii), we also know

E [n1)] < K-

7)

Let ALG be the expected reward of the algorithm, we have

ALG =E Z R(Priiy (- Kiry))

_ke[M]

1 , .
>E Z (1 W Zn[(j)> Ry | (by Theorem 2.2 (i))

| ke[M)] i<k
= (1 - =) E [nI(J)]> Riw)
ke[M] j<k
1 / / s
> 1— W Z K16y Tky (by Theorem (ii)) .
ke[M] j<k

A.6 Proof of Proposition

Proof. To prove towards a contradiction, suppose the lower bound is minimized when

(2.14) is not satisfied. Then we know there must exist two consecutive indices s and

t with 0 < s <t < M such that

/ !
R _ Riw

! / °
Ko K
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Recall the lower bound in (2.12) is

2. (1 - % 2. iC’,(j)> Riw) (A.3)

ke[M] i<k

Now consider switching the positions of arms I(s) and I(¢). Let A denote the

change in the lower bound after this switch. We have

1 1 1
A= <1 - Z’C}m) R + (1 =37 2Kl - W’C'I@)) Ris

j<s Jj<s
1 / / 1 !/ 1 ! !/
- (1 ~7 ’Cw)) Riw — (1 =77 2 Ko — 77K | Ria
j<s i<s
_ ! KhoR, L R/ 0
= Wi T Mo ) < U

Therefore, by switching the positions of arms I(s) and I(t), we can further decrease
the lower bound, which results in a contradiction.

Note that we assume all single-arm policies P,,(+) have strictly positive expected
costs. If the expected cost of a single arm policy is zero, which implies its expected
reward is also zero, then it can be positioned anywhere without changing the lower

bound of the expected reward.

A.7 Proof of Lemma 2.1

Proof. Let K* = 7, K¢, and xo := K*/B. By definition, we know F(0) = 0,
F(zo) =1, and F(z) is strictly increasing in x over [0, K*/B]. Let G(x) := 1 — F(z).
Then we know G(0) = 1, G(xg) = 0, and G(x) is strictly decreasing in x over
0, K*/B).

In addition, by the definition of F’(-), we have

F/(0) = [0,%} and F'(zo) = [7;‘;—//1?,00),
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where R, /Ky and Ry /K7 are the lowest and highest reward-to-cost ratios after we

re-arrange the arms.

Since Ry /Kr > R*/K*, we have

B
F/(.Z'[)) Z F > 1.

The cutting point satisfies G(z) := 1 — F(z) € F'(x). Therefore, by the continuity
of F'(z) and the monotonicity of G(x), we know z* is guaranteed to exist, and z* €

[0, 20). The uniqueness of z* follows from the strict monotonicity of G(z).

A.8 Proof of Lemma 2.2

Proof. By definition ([2.16)), we know the curve of F'(z) is convex, and thus the cutting

point satisfies the following conditions.

oy —2*(1-y") <0
e <y <1

Given condition (2.17), namely, 1 — F(z*) € F'(x*), and definition y* := F(z"),

we know
]' *\2 *
61+€22§(1+(l’ ) )(1—y ) (A4)

In addition, the right-hand side of (A.4) is lower-bounded by the value of the

optimization problem

1
in —(1+25)(1 —
,min 2( +27)(1 - y)

st. y—az(l—y) <0.

We apply the KKT conditions to solve this optimization problem. Specifically, by

138



the first-order condition, we find a unique stationary point

[ N AN . _L .
(', 1) = (V2 —-1,1 ﬂ,\/é 1).

The corresponding Hessian matrix is

1—y 0 1/v/2 0
i y:/\/_

0 0 0 O

For all d := (dy,ds) € T(2',y'), where T'(2',y') = {d : d; = 2d}, and d # 0, we
have d” Hd > 0. Hence the second-order condition is also satisfied. Therefore, we
have

e S+ @P)1-y)=vi-1

A.9 Proof of Lemma [A.1l

Lemma A.1. Consider an arm and its associated MDP with underlying state space

S. The expected reward p* at state u € S satisfies the martingale property, namely,

E [pv | pu] _ un,vpv _ pu’

vES

where ¢V denote the MDP’s transition probability from state u to state v.

Proof. Suppose the arm is in state u = (a,b). Let s € {0, 1} denote the binary result
after we pull the arm while it is in state u. Let Pr(-) denote the probability function

conditional on the value of p*. Then we have,
1
Bl [ 5] = [ 4 Pr(s = DPr(y]s =1) + 5/ - Pr(s = 0)Pr(ys = 0)dy
0
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Notice that for any s € {0, 1}, we have

Pr(p, s)

Pr(p|s) = PEs)

Therefore, we obtain

E[p” | p'] =
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Appendix B

Technical Results in Chapter 3

B.1 Proof of Lemma [3.1]

Note that R() represents the optimal revenue from supportive products, given that

the expected total sales from core products are 7.

By definition (3.3), we can reformulate R4(7) as

Rs(y) =min =z
i (B.1)
st. x> Fy(m)+ Fi(m), V feasible policy ,

where 7 denotes the feasible policy of the subproblem.

Formally, the feasible policy 7 is defined by the feasible solution to problem (i3.3]),
which specifies the values pyym € s, Pyim € Qoo and Iyy, € {0,1}, that satisfy
PN+4m > Pam,Vm = 1,..., M and M Inim < S. Function Fy(r) and Fy(m) are
defined as

M
Fi(m) = Y anim(DNim)Pym

m=1
M

FQ(W) = Z IN+mﬂ;V+m<p§V+m)p/N+m + (1 - IN—&-m)BN—O—m(pN—i-m)pN—i-m‘
m=1

Observe that in this reformulation, Fy(7r) and Fy(7) are constants, and since the
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number of feasible policies is finite, the total number of constraints in (B.1]) is also
finite. Moreover, the RHS of each constraint is a linearly increasing function of ~.

Hence we know that for any -, the optimal solution x is equal to
max {7y - Fy(m) + Fi(7)},

and we obtain

Rs(y) = min max {7 Fy(m) + Fi(m)}.

Therefore, we know that R4(7y) is a convex piece-wise linear function, and it
implies that R4(7) is Lipschitz continuous. Specifically, the Lipschitz parameter is
equal to the function’s maximum slope, i.e., max, Fy(7), which is bounded by M - p,

by definition.

B.2 Proof of Lemma 3.3

Proof. Let V(m) be the true revenue of policy =, and V'(7) the approzimate revenue
of policy 7 that is provided by Algorithm [2 In addition, let OPT be the optimal
policy of problem (3.1)), and ALG the “optimal" policy that is provided by Algorithm
2

Given policy 7w, we know that V() and V’(7) give the same revenue for the core
products, but different revenue for the supportive products. Specifically, due to the

rounding procedure, the value of v we use in Algorithm [2] differs from its true value

by at most N/2K. Hence by Lemma we have

<pMN

V) - Vil <

for any feasible policy 7.
Therefore, we have

PMN

< /
V(OPT) < V'(OPT) + =
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PMN

<V'(ALG

< VI(ALG) + =
SMN

gv<ALG)+pK ,

where the first and last inequality follow (B.2)). The second inequality follows because

ALG optimizes the approximate revenue V'(-).

B.3 Proof of Lemma [3.4

Proof. By definition, the associated counters for primary demand, i.e., ¢,(-) and
cn+m(+) always increase by 1 in each period, and the associated counters for add-on

(a’)

Nim () and cg\ﬁm() could increase 0,1,..., N in each period, which

purchases, i.e., ¢
depends on the total number of core products purchased in the period. In addition,
to obtain an upper bound on the length of an episode, it suffices to consider only one
counter that is associated with the primary demand. W.L.O.G., consider the counter
for product 1 with its price determined at the beginning of episode 7, namely, (7).
Then we know that the value of this counter is at most ¢(7) — 1, and the value will be
doubled after another ¢(7) — 1 periods. By the description of Algorithm , episode T

starts in period ¢(7) and terminates in no more than ¢(7) — 1 periods. Therefore, we

have E[((7)] < ().

B.4 Proof of Lemma [3.5

Proof. By definition, &; is the union of a collection of events.

Specifically, for each core product n € {1,..., N} and price p, € €., given the
value of ¢ and ¢, +(pn), by the Chernoff-Hoeffding inequality, we have

_ 2logt 2
P {|O‘n7t(pn) - an(pn)| > } <

Cn,t(pn) N t_4
Take the union for all possible values of ¢, (p,) from 1 to t. By the union bound, we
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obtain

2logt 2
P _n n) — Qn(Dn)| > S_
{1t nton)] > 224 < 2

Similarly, given the value of ¢, for each supportive product m € {1,..., M} and
price pnim € s, take the union for all possible values of ¢yt t(PN+m) from 1 to ¢,

and we obtain

2logt 2
{1 sn) = axem(pwen)] > 201 < 2

(3

For add-on purchases, the counters cg\ﬁznt() and cg\?fzm() range from 1 to Nt.

Thus, for each supportive product m € {1,..., M}, we obtain

—/ 2 logt 2N
P{ 6N+m,t<p§\7+m> - B§V+m,t<p§\]+m> > (a,l)—/} < t_3’
N+m,t(pN+m>

for each add-on discount price py..,, € €, and

2 2logt 2N
P ‘ﬂNer,t(pN-i-m) - 6N+m(pN+m)‘ > NPT VN S 3
( ) ) t
cN—l—m,t(pN-‘rm)

for each add-on original price pyi, € (.

Take a union of all these events in &, we have

2(N + M + 2MN)U
3 '

P& <

In addition, conditional on event &), we know that the regret in episode 7 is

upper-bounded by R* - £(7). Therefore, for each term on the LHS of (3.8)), we have

E [(R* = R(IL,)) - £(7) | &) - P [Eur)]
2(N + M + 2MN)U
t(r)?
2(N + M + 2MN)U
t(r)?
2(N + M + 2MN)U

*
SR' 7_2 Y

<R -L(7)-

<R":
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where the second inequality follows from Lemma [3.4] and the third inequality follows
by t(r) > 7.
Take the sum over 7 from 1 to n(r). Since ") 1/72 < 72/6, we obtain the

upper bound
N+ M +2MN)Ur?

(
R* -
3 ?

which concludes the proof of Lemma [3.5

B.5 Proof of Lemma [3.6

Proof. For each term on the LHS of , we relax probability P [575/(7)} to 1 as an
upper bound. We then need to show that the regret is bounded, conditional on event
é't/(T) where the empirical mean of each associated parameter is within its confidence
interval.

Let IT* be the optimal policy, and U, (II*) the value of the objective function of
the optimization problem (3.1)) under policy IT* with UCB input parameters &, (p,),
aAN+m(DN+m)s B}Hm(p’Ner) and Byim(py+m), as defined in Algorithm . Let U, (I1,)
be the value of the objective function of the optimization problem under policy
IT. with the same UCB input parameters.

Since the value of the objective function of is increasing in all the parameters.
We know that conditional on &), U,(II*) is an upper bound of R*, namely, the
expected revenue of the optimal policy, and U,(Il,) is an upper bound of R(IL,).

Therefore, we have

[n(r)

E ) E[R —R(IL)) {r) | &y

[n(r)

=E Y E[(R" - U.(II") + U(II") = U,(IL,) + U-(IL,) = R(L,)) - £(7) | &)

n(r)
<4pMNeVT + E | > E[(U-(IL,) - RL)) - ((7) | ] | - (B.3)

=1
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The inequality follows because R* — U, (IT*) < 0 and U, (II*) — U,(I1,) is upper
bounded by the approximation error of the FPTAS optimization subroutine. Specif-
ically, with parameter K = [\/t(7)e], we have

UL(I) = U, (IL,) < U, (1) — UA(IL) = —2 < e/ /i

VEm/el

By Lemma [3.4] we know ¢(7) < (7). Therefore, we have

n(r) T
S PMNe/\/H(r) < 3" pMN= - (2/vE) < 4pMNeVT.

The second term in (B.3), namely, E [z:g E [(UT(HT) ~R(IL)) - £(7) | 5;(7)”,

describes the confidence bound for the revenue of policy IL,,
Let pn.ry PN4mrs Dy T and In4pm, - be the decisions of policy 11..

Conditional on event 52(7)7 we obtain

2logt(r) 2log t(1)
U.(I1;) = R(IT,) < 2(M + 1)p
( ) ( ) Z Crt(r pnT Z CN+4+m t(T)(pN—l—m T)

M
. 2logt(7) 2log t(7)
+2Np -y [fzwm,r \/ @D ) + (1 = Invm,z) \/ @2

m=1 CNtmt(r)\PN+m,r CN fmot(r) (PN-+m,r)

(B.4)

To show the inequality, we observe that each of the four parts in (B.4]) in fact
corresponds to the revenue gap due to the over estimation of the associated demand

parameters. In addition, for each parameter, we know that the gap between its true

2log t(7)

mean and its UCB term is 2
counter

conditional on event 52(7)

Specifically, we have parameter «,,(p, ) contributes to the revenue gap by at most

2log t(7)

Cn t(7) (pn,7->
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parameter oy, (Pnim,-) contributes to the revenue gap by at most

5.2 2log t(7) ’
CN+m,t(T) (pN+m,T>

parameter Sy . (Plyy,.,) contributes to the revenue gap by at most

. 2logt(T)
Np - 2\/ @l

CN+m J(T) (pN+m T>

if Intm = 1, and nothing if Ix,, = 0; parameter Sy (PNi+m,-) contributes to the

2logt
Np -2, [ (7)
CN+m (T )(pN+m,‘r>

if Iny,m =0, and nothing if In,,, = 1.

revenue gap by at most

Given inequality (B.4]), we take a sum over 7 on both sides and obtain the follow-

ing. For parameter «,,(-), we have

n(T)
2logt(T)
E E Ur) | ———~ | & <E
( ) Cn,t(T)(pn,T) | Hr) o

i 4logt(T) |5’( )]
t(T

=1 Cn,t (pn,t)

C(c ) cn,1(q2) 4logT (¢) cn,7(ql)
<E]> Y | —2vimTe (Y S (L,
z 1 j=1 i=1 gj=1
(o)

< 24y/logT Z cnr () | Exny §2\/10gTE[2\/UT|5t’(T)]
_ 4/FToRT (B.5)

In the first inequality, with abuse of notation, we use p,; to denote the price
decision of product n in period t. The inequality follows due to the fact that the
counter’s value in period 7 is no larger than 2 - ¢(7). The second inequality follows
from the relaxation of log¢(7) to logT", and an alternative way of counting ¢, ¢(pn.)
from ¢t =1 to T. The third inequality follows because of the fact that Z}]:1 \/m <
2v/J. The last inequality follows from the Cauchy-Schwarz inequality since we know
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((c) = Q| U and 38 cor(gl) < T

Following the same analysis, we can show similar bounds for parameters a1, (-),
Bim(-) and Byim(-). Notice that in developing the bounds for By, (-) and Sy im(-),
we need to have the values of the associated counters cﬁj}“() and c%f}nT() to be

non-zero for at least one of the prices. Hence, we need to multiple the bound by 1/,

where A denotes the lowest probability that the total primary demand is non-zero.

Now given (B.4) and (B.5]), we have

n(r)

ANMT .
E |0 - (UAIL) = ROL)] | €y | < |20M + DN +2M 4+ === | jr4/UT log T.

=1

Put the bound back to (B.3), and we obtain

n(7)
SN M
E|E|Y () (R =RIL)] | &y | P& §4ﬁMNs\/T+Tﬁ-4\/UTlogT.

T=1

This concludes the proof of Lemma [3.6
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Appendix C

Technical Results in Chapter 4

C.1 Efficient Projection Algorithms

We use the following algorithm to project A(t) € Q to Q@ = {A | A >0, [|A1 < A}
given v := A(t) and z := A.

Algorithm 8 Efficient Projection to Simplex
Input: vector v and scaler z > 0.

Sort v into p: py > o > ... > iy
Findp:max{je[n]:,uj—%( f, 1,ur—z)>0}
Deﬁne@z%( leui—z)

Output: w s.t. w; = max{v; — 0,0}

In the following, we present the proof of Theorem [£.2] The proof of Theorem
simply follows by taking |X| = 1.

C.2 Primal-dual Decomposition

We define the dual benchmark as follows.

kf: (Z <sz ZA %> #(€10) ) Ze

=1

M
LP(X,6) : max Eg Z % (C.1)
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K
s.t. fo’k <1, V¢eX

k=1

Tep = 0, V€ e X, Vk € [K]

We denote the optimal value of LP(\,6) as OPT(\, 6), where A = (Aq,. ..

and the optimal solution to LP(A,0) as x*(A,0).

By duality, we have for any (feasible) A > 0 that
OPT(0) < OPT(\,6),

where OPT(A, #) is given by the optimal value of LP(\, ), i.e

E¢

M
ot

= (5

(pzk - Z)\ alj) ik 5’9 > xg k<)\ 6

Given £(t) and A(t), define OPT(£(t), \(2),0) as

@—ZA ) <>|e>> P CIONRS SPVGES

Since A(t) is deterministic given H;_1, we have from (C.4) that

OPT(0) < E¢y [OPT(E(t), A(),0) | Hea] -

(C.6)

(C.7)

Suppose the algorithm stops at period 7. We multiply both sides by 1 (7 > t), take

sum over t = 1,...

within the algorithm. We have

T

Z (> t) OPT(0)

<E

E

1 (7 > t)E [OPT(£(t), (), 0) | He1]

t=1

] =

= E[1(r > t)OPT(&(t), A(t),0) | Hy]

o+
Il

1
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=E |> 1(r > t)OPT(£(t), A(t), 9)] (C.10)

~E Z OPT(&(t), A(#), 9)] . (C.11)

Note that the first equality follows since 1 (7 > t) is deterministic given H; ;.

Let zf, ) = 2f, (A1), 0) and z¢wp = 1(k = k(t)). Let D;(t) denote the
random demand realization, which follows the probability distribution with CDF
Fi(zy,...,zN;p8,&(1),0) and mean d(£|0). We can decompose OPT(£(1), A(t), 6) by

OPT(£(1), A1), 0) = R(t,0) + Ay(t,0) + Ao(t,0) + As(t, 6), (C.12)

where we have

R(t,0) = g ﬁ:pmdzk )\0)) Te (o) (C.13)
Ay(t,0) = ;Zl i <ka — Z A aw> (&t );9)) (zEox — Tewn)  (C.14)
As(t,0) = ]ﬁ; % ,é (Z ag; D ) ) () (C.15)
As(t,0) = ﬁ; é (f; ai; (Di(t) — dik(ﬁ(t)\e))> xea),k) A;(8)- (C.16)

Therefore, from (C.8]) we obtain

T

> 1(r = t)OPT(9)

t=1

E <E

i R(t,0) + Ay (1, 0) + Ao(L,0) + As(t, 9)] . (C17)

t=1

C.3 Proof of Proposition 4.1

T

ZAl(t,H)] < 187 max /| X| KT log K (C.18)

E

t=1
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A(t,0) = Z (Z (pz‘k - Z Aj@)%‘) dik(f(tﬂ@)) (T n — Tek) (C.19)

Jj=1

Proof. We follow the analysis in [Ferreira et al. (2018) (Theorem 4 Part I).

Given price k € [K], context £ € X and dual value A, let
N M
Ter(A) = Z (pik: - )\jaij) dir(£10) (C.20)
i=1 j=1
denote the mean pseudo revenue.
Recall H;—y == (£(1), P(1), D(1),...,&(t — 1), P(t — 1), D(t — 1)), i.e., the history

available at the beginning of period ¢. Since parameter () is sampled from the

posterior distribution given history #H,;_;, we know P(0|H;—1) = P(0(t)|Hi—1).

Since £(t) is sampled i.i.d. from a known distribution, and is independent of 0,
0(t) and H;—1, we know P(0|H:—1,£(t)) = P(O(t)|Hi—1,&(t)). Therefore, we have for
t=1,...,7 that

Py ol Heo1,§(t)) = Pl xl Hi1, ().

Let Ug i, ;(t) be upper confidence bound, which is deterministic given #;_1, namely,

Ug 1t -ddtldlogjL(ﬁ)
e k(t) =min [ di, dige(t — 1) + d; Nex(t—1)

(C.21)

where

e log, (z) =log(z) - L(xz > 1);

e d; denotes the upper bound of demand, namely D;(t) € [0, d;];

o N¢i(t—1) denotes the number of times when price py is offered with context &
over the first t — 1 periods;

® diie(t — 1) denotes the average demand of product ¢ when price pj is offered

with context £ in the first ¢ — 1 periods.
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Let L¢ ;(t) be lower confidence bound, which is deterministic given H;_;, namely,

Le it 0, dipe(t — 1) — d, log+<m+%)
ehi(t) = max | 0, dipe(t — 1) — d; Nex(t —1)

(C.22)

Notice that the price term (pik — Z]Ail )\jaij> in the pseudo revenue could be

negative.

To apply the results in [Ferreira et al. (2018), we define an adaptive confidence

bound CBg (t), which is deterministic given H;_;, namely,

+

CBe(t) := Z Ug ,i(t) - <pik — Z Aj (ﬂ%‘j) + Leji(t) - (Z Aj(t)ai; — pm)

Given \(t) € Q, we have for each k € [K] and t € [T] that

N N N M
Z Dik — Z N(tai;| - d; < Zp,kc?i + Z Z Aj(t)ai;d; (C.24)
i—1 j=1 i—1 i=1 j—1
N ) N
< ; .
irel[e% szkdZ +A Jrgﬁn&c] a;;d; (C.25)

The second inequality follows from the fact that || fgll1 < ||f|l1]|g]]c-

Define the right-hand side of the inequality as 7.y, namely,
max -— 4 Jz A- zCZZ C.26
r Ignalepk + A - max AZla] ( )

For simplicity, we use shorthand notation rew)r = 7¢@)k(A(t)) and CBewyp =

CBew)k(t), which are deterministic given H;_; and £(%).

T K
B35S s <>]

| t=1 k=1

T K
=E D> E|> remrtioe — remrTen | Htl,i(t)”
| t=1

k=1
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T

Y E
s
;E
— ii[@ {1 (t>71) ( re)kTew x — CBew) ke, k)} (C.27)

1(t>T) (CBw),kﬂ?s(t),k - T»:(tmf'fs(t),k)} (C.28)

=k Z re ke k — CBey s n + CBewnTew ke — TewwLewn | Hio1, & (t)”

k=1

K

Zrﬁ 0.k Tewy e — O Be) k(o) | Hi1, E(t )”

3

=E

K

+E

K
Z CBe() k() — Tet) ket | Hio1, f(t)”
=1

M)~
tgw

In term (C.27), since 0 < ), < 1, we have for all t € [T, k € [K] and {(t) € X
that
E [rews7imr — CBewarins] < E [( Bk~ CBg(t>,k)+] : (C.29)

In addition, by Lemma EC.3 in |Ferreira et al.| (2018)), which is based on the result
in Bubeck Liu| (2013) (Theorem 1, Step 2), we have

&1
KT’

M
DPik — Z )\]

J=1

E[(g % — CBey 1) ]Si

=1

which implies

T K
Y Y E [rewarion — CBewntip ] < Fmax - 61/ X[KT. (C.30)

t=1 k=1

For term in (C.28), by Lemma EC.4 in Ferreira et al.| (2018]), which is based on
the results in Bubeck Liu| (2013) (Theorem 1, Step 3) and Russo Van Roy| (2014))
(Proposition 1), we obtain that

T K
D ) E[CBewyutenyn — rewstenn] < Fmax - 12¢/[X[KTlog K. (C.31)

t=1 k=1
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Therefore, we have

T

K
E Y rewn (@Em s — Tew )] < Faax - 18| X| KT log K. (C.32)

t=1 k=1

C.4 Proof of Proposition 4.2

E iAg(t, 0)| <E[(r —T)OPT(0)] + 3\/_GA\/_ (C.33)
Aq(t,0) = ' (% - (Z %‘Di(t)> m&(t),k> Aj(t) (C.34)

Proof. We follow the analysis in |Agrawal Devanur| (2014b), Agrawal Devanur
(2016). Recall that

ke[K+1]

k(t) = arg max (pzk Z)\J az]) i (E(1)]0(1)) -

Jj=1

Given price vector py), context £(t) and the true demand parameter ¢, define the

consumption of resource j € [M] in period ¢ as b/(t,6), namely,
N
Vi(t,0) == a;D;(t). (C.35)
i=1
Recall the dual objective function

Z)\] ( Z%Di(t)>. (C.36)

=1

The objective in the dual space is to minimize > ;_; g:(X, @) over domain Q. Recall

I : .
A== ijmax where p! = max Dik. (C.37)

mm i:a;; 70,k€[K] Qyj
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By definition, we have the property

A+ I > OPT(6) - T.

Let Anin be the optimal solution to the dual problem, namely

Amin = AT i X 0).
arg min ;gt( )

By Theorem 3.1 in [Hazan et al.| (2016), we have

D 0A1),0) <D g(Ain, 0) +

The inequality follows because

e We know D < v/2A by definition.

3f

NVeapyr.

o Given v;g:(\) = % — 32N a;;Di(t), j € [M], we have

T

G < \/Mom[ax
je

< \/_ max{

JG[M]

]' N
J E

by the property ||alls < VM - ||a]|; for any a € RM.

)

We know the algorithm stops with the following two cases:

(C.38)

(C.39)

(C.40)

(C.41)

(C.42)

1. 7 < T, which means ), ¥(t,0) > I; for some j. In this case, since A-e; € €,

we have

T T I -
. < . < A T <AL= =
;gt()\mlme) = th(Aej,e) ~ A <T T []) >~ A (T 1

t=1

2. 7 =T. In this case, we have

th<)‘minu‘9) S th(()) =A- (

156

T

T

> : ]min-

(C.44)



Recall that

a(t,60) = gi(A(1).0) = 3 (% -y (Z aiijt)) l’g(tm) (D). (C45)

j=1 k=1 \i=1

Therefore, from (C.40), (C.43) and (C.44) we obtain

D2 8u(t0) = A3 aN0).6) (C.40)
< (f . 1) Alin + LGA\/_ (C.47)
We have
7-0OPT(9) <E ZT:R(t, 9)| +E XT:Al(t,O)]
+(%—&>A&m+gGA¢T+E Z;Aﬂnml (C.48)

Given property Al > OPT(0) - T, since 7 < T', we have

(%—J)A%mgT(PT—TVOVN@. (C.49)

Therefore, we obtain

T

> At 0)

t=1

3
+E +§GA¢T+E

EiRuﬁ)

t=1

T-OPT(0) <E

jiAgum](C5m
C.5 Proof of Proposition 4.3

E

iAg(t,Q ] < Gmax A (s/Tlog + 1) (C.51)
(Z o (i) - dik<5<t>|e>)> )M (C52)



Proof. Construct martingale sequence

M(0):=0

9
t

MO = 303060+ Y 0 (D165) ~ duco €10 ).

s=1 j=1 =1

The sequence is a martingale since we have for all t € {1,..., 7},

E[M(t) | Hea] = M(0) = 0.

The regret (stochastic error) is thus

> Ayt 0) = M(r) = M(0) = M(T) — M(0).

Since [|fglly < [[/lllglloe and Y271, A;(t) < A, we have

N

|M(2) -1 < jxgmgi]i:lay

N
Define ¢max = max; y .., a;;d;.

(C.53)

(C.54)

(C.55)

(C.56)

By the Azuma-Hoeffding inequality, we have that with probability at least 1 — ¢,

[M(T) = M(O) < A s/ Tlog

Therefore, we have

E“M(T)_M(O)H SA'(]max' \/Tlogél_F(TAqmax)é‘

Take § = 1/T. We obtain

i Ag(t, 0)

t=1

E
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<E(M(r) = M(0)]] € A+ uas - (v/Tlog T +1)

(C.57)

(C.58)

(C.59)



C.6 Proof of Theorem 4.3

The proof of Theorem 4.3|follows the decomposition in (C.12)). In addition, the regret
bounds for E[Y "7, As(t,0)] and E[>";_, As(t,0)] follow the previous analysis. The
regret bound for E[>";_| A(t,0)] follows from the result of Proposition 3 in Russo

Van Roy| (2014) where the number of parameters is d x N.
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