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introduction

e radar scatter arises from thermal fluctuations in electron
density

e fluctuations are intrinsic (from discreteness of electrons)
and induced (from Debye shielding of ions, other electrons)

@ situation is analogous to a dielectric in which dipole
moments are induced by the presence of free charge

@ challenge is to compute fluctuations self-consistently

@ use continuous formulation to study discrete particle
behavior
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intrinsic and induced fluctuations

Look out for characteristic functions, x, €, G.
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intrinsic fluctuations

for collection of non-interacting particles ...

N
n(x,t) = > 5(x—(x;+vit))
i=1
N
n(k,t) = Ze_ik’(xi+vit)
=1

with the autocorrelation function (ACF) ...

plk,7) = (n*k,t)n(k,t+ 7))

— <Z Z eik-(xi-‘rvit)e—’ik-(){j -‘er (t+T)) >
v

— N<e—ik~v7>
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characteristic functions

given a Gaussian thermal distribution, find

<ef'ik-v7'> = /fo zk-VTd?)v

1
— 675 (kvenT)?

with the corresponding spectrum:

(In(k,w]?) o /oo p(k, T)e™dr

—00

o0 .
= 2§R/ p(k,7)e“ dr
0

Gllew)
_ V2T /kuw)?
° kv

i.e. incoherent addition
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induced fluctuations

Eek,w) ¢k,w) = e(nik,w)—ne(k,w)) (1)
——
self —consistent intrinsic
potential fluctuations

total electron density fluctuation:

An(w, k) = ne(k,w)+no/d3v dfi(k,w,v)

= ne(k,w)+ enoqﬁ(k,w)/d?’v w (2)

Me w—k-v

making use of the linearized Vlasov equation for unmagnetized,
collisionless electrons to find fi, i.e. Df(x,v,t) =0:

(iw —ik - v) f1 — ik(e/me)p(k,w)0fs/Ov = 0
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susceptibility

eogb(k w) = e(n; —ne)
e No 3 k-0foi/0v B e’ne / 3 k-0fce/OV
¢/d w—k-v me(Zs ' w—k-v
or
k260¢(k7w)(1 + Xi + Xe) = e(ni - ne)
—_—
e(k,w)/eo

with

2
k- oe,i
Xei = “p /d3 k- 0foci/OV

k2 w—k-v
Note that zeros of e(k,w) are solutions to ES wave dispersion

relation.
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total MS electron density fluctuations

substituting ¢ from Eq. 1 along with the definitions of x and e
into Eq. 2 gives:

ni(k,w) — ne(k,w)
€/é€o
ni(k,w) — ne(k,w)
1+ Xe + Xi
(14 xi)ne(k,w) + xeni(k,w)
1+ Xe + Xi

An@(ka) = ne(k,w)—l-xe

= ne(k’w) + Xe

11+ xi|? 2

11+ xe + xil?

| Xe

An,|? _—
(IAnel") 114 xe + xi|?

(Inel?) + (Inal®)

variance of the sum is the sum of the variance
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relate the susceptibilities to the Gordeyev integral

Gk,w) = / dTei“’T/f(v)e_ik'VTd?’v
0

integrate by parts in velocity space, differentiate wrt frequency:

k‘2 oG / / z(w k- v)Td3

perform 7 integral:

k,ZaG _ /d3k af/avzw kv)7’OO
ow w—k-v 0
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0G (k,w) .
)~ i

for the unmagnetized, collisionless species case, can go further

(slide 5, integration by parts):

o0

, _1 2,

X = wf,/ e~z (kvn)% ol g0
0

1

1+ iwG(k,w)]
K2\

. and so there is an algebraic relationship between x and G!
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final assembly

Incoherent scatter spectrum often written in terms of
admittance functions:

1+iwGk,w) = iyk,w)

leading to:

[(Te/Ti)yi — k> N5 122R[ye] /w + |yel *2R[ys] fw
e + (Te/Ti)yi — ik2)\(21@|2

(Ane?) = no
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plasma dispersion function

0 1p2,2 2
wG@ = w e 2V mT T r
0
o0 1,..2 2
— / e~ 1% /0 e da
0
= —i0Z(0)

where the following definitions of the normalized frequency 6
and plasma dispersion function Z apply

_ w/k

= \fUth
e’ dx

26 = f/

= iy/me~ (1+erf(19))
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7, function

Z, Z;
2 2
> >
0 0
I
1 7
[/
-2 T T -2 T -
0 2 4 0 2 4
x x
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generalization

(e7&VvTy 5 G(Z),y — (In|?), x — IS spectrum

bulk drifts incorporated by taking we; — we; — k- ve;

o straightforward to incorporate collisions with neutral
species by adding a BGK collision operator to the Vlasov
equation

o also straightforward to include multiple ion species

including negative ions:

- 622 ]qzyj

o magnetic field effects also need to be considered,
particularly at Jicamarcal
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magnetic field effects

o calculations so far based on straight-line motion of
non-interacting particles

e however, particles actually gyrate around geomagnetic field
lines: v, o cos(Qt), v, o< sin(Q2t)

o this can be regarded as straight-line motion in a rotating
coordinate system!

B
Uy -0 Vg
Uy = Q Uy
Uy 0 Vy

1 1/V2  i/V2 x
r_1 = 1/vV2 —i/V2 Yy
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B-field effects

Vo = —10Qu,, a={1,-1,0}
Ua(t) = Ua(o)e_iagt
Vot —=T) = wa(t)e T
ralt — 1) —ralt) = / valt — 7)dr
0
1aQdr
e —1
= Volt)———
Vat) 1af)
Uagoz(T)

consequently, have a simple substitution ...

<€—ik-v7'> . <6—ia~v>

a-v = k_ qgaVa
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modified Gordeyev integral

for a Gaussian thermal distribution ...

oy = [ e

— _*UHGP
& 1 _ sin? 3 sin? (1q§t)—lt2 cos? 8
Gk,w) = dt————e 0t ¢2 4
(k) 0 V2kvy,

g = /b
V2u,
Q/k

6 = A
\@Uth

k-B = kBcospf
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practical evaluation

note the following identity:

_ 1236201 _ 12 e sin? .
e 20 Bsin®(361) = ¢ 227" ’ Z In( 2¢2ﬁ> e

n=—oo

and so the final expression for for magnetized species is:

.0 > sin? B —-L;sin? B 0 —no
wGk,w) = —i Z I, <W> e 20 Z< cos B )

cos 3 N

. and so we're ready to calculate ., y;, incoherent scatter
spectrum (see slide 10)
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implementation

o Magnetic field effects on ions are negligible except perhaps
at VHF frequencies at propagation angles very close to
perpendicular to B. This makes sense where the ion
gyroradius is large compared to A/4m, in which case the
ions move in essentially straight lines.

o Except VHF and at very small magnetic aspect angles,
magnetic field effect on electrons can be incorporated
through an effective electron mass m,, = m./ cos? 3 which
represents reduced electron mobility.

o At VHF and at small magnetic aspect angles, the effects of
Coulomb collisions become significant. These effects
presently cannot be treated analytically. Instead, a
numerical estimate of y. has been formulated based on
monte-carlo simulations of electron trajectories. This work
is ongoing.
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example spectra
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ISR spectrum for and oxygen plasma with T, /T; = (1, 2, 4, 8)
and for Arecibo conditions.
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